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❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s ❞❡♣❡♥❞✐♥❣ ✐❢ t❤❡ ❢r❛❝t✉r❡ ❢✉❧❧② ✐♥t❡r❝❡♣ts t❤❡
s❛♠♣❧❡ ✭♣r♦✈✐❞✐♥❣ t✇♦ s❛♠♣❧❡ ♣✐❡❝❡s✮ ♦r ♥♦t✳ ❙♦♠❡ ♦❢ t❤❡ ♠❡t❤♦❞s ❛❧❧♦✇
t♦ ♦❜t❛✐♥ t❤❡ ❛♣❡rt✉r❡ ✢✉❝t✉❛t✐♦♥s ❞✐r❡❝t❧②✿ ❢♦r ✐♥st❛♥❝❡ ❳✲r❛② ❝♦♠♣✉t❡r
t♦♠♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥ts ✭❡✳❣✳ ◆♦✐r✐❡❧ ✭✷✵✵✺✮✮ ♦r r❡s✐♥ ✐♥❥❡❝t✐♦♥ ✐♥t♦ t❤❡
❢r❛❝t✉r❡ ✭❡✳❣✳ ●❡♥t✐❡r ❛♥❞ ❍♦♣❦✐♥s ✭✶✾✾✼✮❀ ❍❛❦❛♠✐ ❛♥❞ ▲❛rss♦♥ ✭✶✾✾✻✮✮✳ ■♥
❍❛❦❛♠✐ ❛♥❞ ▲❛rss♦♥ ✭✶✾✾✻✮ t❤❡ s❛♠♣❧❡ ✇❛s t❤❡♥ s❧✐❝❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦
t❤❡ ❢r❛❝t✉r❡ ❛♥❞ t❤❡ ❛♣❡rt✉r❡ ✇❛s ♠❡❛s✉r❡❞ ♦♥ ❡❛❝❤ s❧✐❞❡ ✉s✐♥❣ ✐♠❛❣❡s ♦❜✲
t❛✐♥❡❞ ❢r♦♠ ❛♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡✳ ■❢ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❢r❛❝t✉r❡ ❛r❡ s❡♣❛r❛t❡❞✱
✷
t❤❡ ❛♣❡rt✉r❡ ✢✉❝t✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✐♥❞✐r❡❝t❧②✱ ❜② ♠❡❛s✉r✐♥❣ t❤❡
t♦♣♦❣r❛♣❤② ♦❢ ❢❛❝✐♥❣ ❢r❛❝t✉r❡ s✉r❢❛❝❡s ✇❤♦s❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ✐s ❡♥s✉r❡❞ ❜② ❛
❝♦♠♠♦♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✭❡✳❣✳ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s❛♠♣❧❡✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t
✇❛s ❞♦♥❡ ❜② ✉s✐♥❣ tr❛♥s♣❛r❡♥t ❝❛sts ♦❢ ❡❛❝❤ s✉r❢❛❝❡s✱ ✇❤♦s❡ ♠♦r♣❤♦❧♦❣② ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❧✐❣❤t ❛tt❡♥✉❛t✐♦♥ ♣r♦♣❡rt✐❡s ✭❡✳❣✳ ■s❛❦♦✈ ❡t ❛❧✳ ✭✷✵✵✶✮✮✱
❛♥❞ ❛❧s♦ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ♠♦r♣❤♦❧♦❣② ♦❢ s✉r❢❛❝❡s ✉s✐♥❣ ♠❡❝❤❛♥✐❝❛❧ ♦r ❧❛s❡r
♣r♦✜❧❡rs ✭❡✳❣✳❱✐❝❡♥t❡ ❙✐❧✈❡str❡ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❙❤❛r✐❢③❛❞❡❤ ❡t ❛❧✳ ✭✷✵✵✽✮❀ ▲❡❡
❛♥❞ ❈❤♦ ✭✷✵✵✷✮❀ ❙❛❦❛❣✉❝❤✐ ❡t ❛❧✳ ✭✷✵✵✽✮✮✳ ■♥ s♦♠❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❝✐t❡❞
st✉❞✐❡s✱ t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡ ✐s ❡✐t❤❡r ❛ ♣r✐♦r✐ ❦♥♦✇♥✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡
s❛♠♣❧❡ ❢✉❧❧② ❡♠❜♦❞✐❡s t❤❡ ❢r❛❝t✉r❡✱ ♦r ❛r❜✐tr❛r✐❧② ✜①❡❞✿ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥
❜♦t❤ ❢r❛❝t✉r❡ s✐❞❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ ❝♦♥t❛❝t✳ ❲❤❡♥ t❤❡ s❛♠♣❧❡ ✐s ❡♥✲
t✐r❡❧② ✐♥t❡r❝❡♣t❡❞ ❜② t❤❡ ❞✐s❝♦♥t✐♥✉✐t②✱ ♣r♦✈✐❞✐♥❣ t✇♦ s❡♣❛r❛t❡❞ s✐❞❡s ✇❤♦s❡
r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ✐s ✉♥❦♥♦✇♥✱ t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡ ✐s tr✐❝❦② t♦ ❡st✐♠❛t❡✳ ❙✉❝❤
♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s✱ s❤♦✇✐♥❣ ♥♦ ❝♦♥t❛❝t ❛t s❛♠♣❧❡ s❝❛❧❡ ❜❡t✇❡❡♥ ❜♦t❤ s✐❞❡s
❝❛♥ t②♣✐❝❛❧❧② ❜❡ ❢♦✉♥❞ ✐♥ s❛♠♣❧❡s ❡①tr❛❝t❡❞ ❢r♦♠ ❛ ❝♦r❡ ❞r✐❧❧❡❞ ✐♥ ❢r❛❝t✉r❡❞
❜❡❞r♦❝❦s ✭❡✳❣✳ ▲♦✜ ❡t ❛❧✳ ✭✷✵✵✾✮❀ ●❡♥t❡r ❛♥❞ ❚r❛✐♥❡❛✉ ✭✶✾✾✻✮✮✳ ❋♦r ❛ s❡❛❧❡❞
❞✐s❝♦♥t✐♥✉✐t②✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t✳ ❇♦✉♥❞❛r② ❣❡♦♠❡tr② ❝❛♥ ❜❡ ❞✐r❡❝t❧②
♠❡❛s✉r❡❞ ✐❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ♠❛t❡r✐❛❧ ❝❛♥ ❜❡ r❡♠♦✈❡❞✳ ❍♦✇❡✈❡r ♥♦t❡✱ ❡✈❡♥ ✐♥
t❤✐s ❝❛s❡✱ t❤❛t t❤❡ ✈♦❧✉♠❡tr✐❝ ❣❡♦♠❡tr② ✐s ❧♦st ✇❤❡♥ ❜♦t❤ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s
❛r❡ ♥♦t ♠❡❛s✉r❡❞ ✐♥ ❛ ❝♦♠♠♦♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ■♥ s❡❝t✐♦♥ ✷ ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡
❞❡t❛✐❧ t✇♦ ♠❡t❤♦❞s✱ r❡s♣❡❝t✐✈❡❧② ❞❡❞✐❝❛t❡❞ t♦ ♦♣❡♥ ❛♥❞ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s✱
❛❧❧♦✇✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡ ❛♥❞ t❤❡ r♦✉❣❤♥❡ss
✈❛r✐❛t✐♦♥ ♦❢ ❛ ❞✐s❝♦♥t✐♥✉✐t②✳ ❚❤❡ ✜rst ♠❡t❤♦❞ r❡q✉✐r❡s t❤❡ ❛♥❛❧②③❡ ♦❢ t❤❡
❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s✉r❢❛❝❡s✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡s❡ ❝♦rr❡❧❛t✐♦♥s ❡①✐st✳ ❋♦r
❛ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t②✱ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥✐♥❣ ✐s ❡♥s✉r❡❞ ❜② ❛tt❛❝❤✐♥❣ t❤❡
s❛♠♣❧❡ t♦ ❛ s♣❡❝✐✜❝ ❢r❛♠❡ ✇❤❡♥ ♠❡❛s✉r✐♥❣ ❡❛❝❤ s✉r❢❛❝❡ t♦♣♦❣r❛♣❤②✳ ❇♦t❤
♠❡t❤♦❞s ❛r❡ ✐❧❧✉str❛t❡❞ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✇❤♦s❡ s✉r❢❛❝❡ ❡❧❡✈❛✲
t✐♦♥s ✇❡r❡ ♣r❡✈✐♦✉s❧② ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❧❛s❡r ♣r♦✜❧❡r ✭◆❡✉✈✐❧❧❡ ❡t ❛❧✳ ✭✷✵✵✾❜✮✱
❤❡r❡❛❢t❡r r❡❢❡rr❡❞ ❛s ♣❛♣❡r ✶✮✱ ♣r♦✈✐❞✐♥❣ ❛♥ ❛❝❝✉r❛t❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❡❛❝❤ s✉r✲
❢❛❝❡ t♦♣♦❣r❛♣❤②✳ ■♥ s❡❝t✐♦♥ ✸ ❛ st❛t✐st✐❝❛❧ st✉❞② ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡
r❡s✉❧t✐♥❣ ❛♣❡rt✉r❡s ✐s ♣r❡s❡♥t❡❞✱ ❛♥❞ t❤❡ s❝❛❧✐♥❣ ❧❛✇s ❣♦✈❡r♥✐♥❣ t❤❡ ❛♣❡rt✉r❡
r♦✉❣❤♥❡ss ❛r❡ ❞❡t❡r♠✐♥❡❞✳ ■♥ s❡❝t✐♦♥ ✹✱ t❤❡ ❤②❞r❛✉❧✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✈❛r✐♦✉s
❞✐s❝♦♥t✐♥✉✐t✐❡s ✐s ❞❡t❡r♠✐♥❡❞ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ s❝❛❧✐♥❣ ❧❛✇s ❛r❡ ✉s❡❞ t♦ ♦❜t❛✐♥
t❤❡ ❧❛r❣❡ s❝❛❧❡ ❤②❞r❛✉❧✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r♠❛t✐♦♥✳
✸
✷ ❆♣❡rt✉r❡ r❡❝♦♥str✉❝t✐♦♥
✷✳✶ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ♦❢ ❛♥ ♦♣❡♥ ❞✐s❝♦♥t✐✲
♥✉✐t② ✇✐t❤ ❝♦rr❡❧❛t❡❞ s✐❞❡s
✷✳✶✳✶ ❚♦♣♦❣r❛♣❤② ♦❢ t❤❡ s✐❞❡s ❛t ③❡r♦ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥t
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❜r✐tt❧❡ ❡❧❛st✐❝ ❢r❛❝t✉r✐♥❣ t❤❛t ❝r❡❛t❡s t✇♦ s✐❞❡s ✇✐t❤ ❝♦♠✲
♣❧❡♠❡♥t❛r② ♠♦r♣❤♦❧♦❣✐❡s ✭♦r ❛s♣❡r✐t✐❡s✮✳ ■❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐♥❞✉❝❡❞ ❜② t❤❡
❢r❛❝t✉r✐♥❣ ✐s ③❡r♦✱ t❤❡♥ ❡❛❝❤ s✉r❢❛❝❡ ❛s♣❡r✐t② ✐s ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❛s♣❡r✐t② ♦♥ t❤❡ ♦t❤❡r s✉r❢❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶❛✳ ◆♦t❡ t❤❛t t❤✐s
st❛t❡ ♠✐❣❤t ❜❡ ✜❝t✐t✐♦✉s ✐❢ t❤❡ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❝❝✉rs ❛t t❤❡ s❛♠❡ t✐♠❡
❛s t❤❡ ❢r❛❝t✉r✐♥❣✳ ■♥ ♣r❛❝t✐❝❡✱ ❞✉r✐♥❣ t❤❡ ❜❡❞r♦❝❦ ❤✐st♦r②✱ t❤❡ ❞✐s❝♦♥t✐♥✉✐t②
♠♦r♣❤♦❧♦❣② ♠✐❣❤t ❜❡ ♠♦❞✐✜❡❞ ❞✉❡ t♦ ❝❤❡♠♦✲♠❡❝❤❛♥✐❝❛❧ ♣r♦❝❡ss❡s✱ ❤❡♥❝❡
❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❜♦t❤ s✉r❢❛❝❡s ♠❛② ❞✐s❛♣♣❡❛r✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❛t ❞❡✲
s♣✐t❡ ❛ ♣r♦❜❛❜❧❡ ❛❧t❡r❛t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✉r❡✱ ❡♥♦✉❣❤ ❝♦♠♣❧❡♠❡♥t❛r② ❛s♣❡r✐t✐❡s
♠❛② st✐❧❧ ❜❡ ♦❜s❡r✈❡❞✳
✷✳✶✳✷ Pr❡s❡♥t ❞✐s♣❧❛❝❡♠❡♥t ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❜♦r❡❤♦❧❡ ❜♦✉♥❞❛r✐❡s
❲❤❡♥ t❤❡ ❞r✐❧❧✐♥❣ ✐s ♣❡r❢♦r♠❡❞✱ t❤❡ ✐♥t❡r❝❡♣t ❜❡t✇❡❡♥ t❤❡ ❞r✐❧❧ ❛♥❞ ❜♦t❤ s✐❞❡s
♦❢ t❤❡ ❢r❛❝t✉r❡ ✐s ✈❡r② ❧✐❦❡❧② t♦ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ❢r❛❝t✉r❡ s✐❞❡s ❛t t❤❡ ❞r✐❧❧✐♥❣ t✐♠❡✳ ❇♦t❤ ❝♦♠♣❧❡♠❡♥t❛r② s✐❞❡s ♠✐❣❤t
❤❛✈❡ ❜❡❡♥ s❤✐❢t❡❞ r❡❧❛t✐✈❡❧② t♦ ❡❛❝❤ ♦t❤❡r✳ ❍❛♥❞❧✐♥❣ t❤❡ s❛♠♣❧❡✱ ❛♥❞ ♠♦✈✐♥❣
❜♦t❤ s✐❞❡s r❡❧❛t✐✈❡❧② t♦ ❡❛❝❤ ♦t❤❡r✱ ♦♥❡ ❝❛♥ ✕ ✐♥ ♣r✐♥❝✐♣❧❡ ✕ r❡st♦r❡ ❝♦♥t❛❝t
❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❛s♣❡r✐t✐❡s ✭✐✳❡✳✱ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✱ t❤❡ st❛t❡ ♦❢
t❤❡ ❢r❛❝t✉r❡ ❛t ③❡r♦ ❞✐s♣❧❛❝❡♠❡♥t✮✳ ■♥ ❣❡♥❡r❛❧✱ ♦♥❝❡ t❤❡ ❛s♣❡r✐t✐❡s ❛r❡ ✐♥
❝♦♥t❛❝t✱ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❢❛❝✐♥❣ s✐❞❡s ♥♦ ❧♦♥❣❡r ✜t✳ ❲❤❡♥ t❤❡ ❢r❛❝t✉r❡
✐s ♥♦t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❝♦r❡ ❛①✐s✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♠❡❛♥ ♣❧❛♥❡ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞r✐❧❧ ♣r♦✈✐❞❡s s✉r❢❛❝❡s
✇✐t❤ ❡❧❧✐♣t✐❝ ❜♦✉♥❞❛r✐❡s✳ ❚❤✐s ♦♥❧② ❛ss✉♠❡s t❤❛t β 6= 0✱ ✇❤❡r❡ β ✐s ❞❡✜♥❡❞
❛s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ t♦ t❤❡ ♠❡❛♥ ❞✐s❝♦♥t✐♥✉✐t② ♣❧❛♥❡ ❛♥❞ t❤❡
❝♦r❡ ❛①✐s ✭s❡❡ ❋✐❣✳ ✶✮✳ ▲❡t ~δ ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ tr✉❡ ✈❡❝t♦r ❞✐s♣❧❛❝❡♠❡♥t
✜❡❧❞ ❜❡t✇❡❡♥ s✉r❢❛❝❡s✱ ✐♥ t❤❡ ❢r❛❝t✉r❡ ♠❡❛♥ ♣❧❛♥❡ ✭❞❡✜♥❡❞ ❤❡r❡ ❛s t❤❡ ♣❧❛♥❡
✜tt❡❞ ❜② ❛ ❧❡❛st ♠❡❛♥ sq✉❛r❡ ♠❡t❤♦❞ ♦❢ t❤❡ s✉r❢❛❝❡ t♦♣♦❣r❛♣❤②✮✳ ■t ❝❛♥ ❜❡
♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ s❤✐❢t ♦❢ t❤❡ ❡❧❧✐♣t✐❝❛❧ ❜♦✉♥❞❛r✐❡s ♦♥❝❡ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②
❛s♣❡r✐t✐❡s ❛r❡ ✐♥ ❝♦♥t❛❝t✳ ❚❤❡ ✈❡❝t♦r ✜❡❧❞ ~δ✱ t❤❛t ✇✐❧❧ ❢✉rt❤❡r ❜❡ ❝❛❧❧❡❞ t❤❡
✐♥✲♣❧❛♥❡ s❤✐❢t✱ ❛❧❧♦✇s t♦ r❡❝♦♥st✐t✉t❡ t❤❡ tr✉❡ ✜❡❧❞ ♦❢ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts
♦❢ t❤❡ ❢r❛❝t✉r❡ s✐❞❡s✱ ✉♥❞❡r s♦♠❡ s✐♠♣❧❡ ❣❡♦♠❡tr✐❝❛❧ ❛ss✉♠♣t✐♦♥s✳
✹
✷✳✶✳✸ ❉✐s♣❧❛❝❡♠❡♥t ❤✐st♦r②
■❢ t❤❡ ❢r❛❝t✉r❡ ♦♣❡♥❡❞ ✐♥ s❤❡❛r ♠♦❞❡✱ ✐✳❡✳ ✇✐t❤ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥t ♣❛r❛❧❧❡❧
t♦ t❤❡ ❛✈❡r❛❣❡ ♣❧❛♥❡✱ t❤❡♥ ~δ ✐s ✉♥✐❢♦r♠ ❛♥❞ ✐ts ♥♦r♠ ❞✐r❡❝t❧② ♣r♦✈✐❞❡s t❤❡
s❤❡❛r ✈❛❧✉❡✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♦t❤❡r ❡♥❞✲♠❡♠❜❡r✱ ✐✳❡✳ ❛ ❢r❛❝t✉r❡
t❤❛t ♦♣❡♥❡❞ ✐♥ ♠♦❞❡ ■✱ ✇❤♦s❡ s✐❞❡s ♠♦✈❡❞ ❛❧♦♥❣ ❛ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧ t♦ t❤❡
♠❡❛♥ ♣❧❛♥❡✳ ❲❤❡♥ t❤❡ ❛①✐s ♦❢ t❤❡ ❞r✐❧❧ ✐s ♥♦t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠❡❛♥
❞✐s❝♦♥t✐♥✉✐t② ♣❧❛♥❡ ✭β 6= 0✮✱ t❤❡ ♠♦r❡ t❤❡ ❢r❛❝t✉r❡ ✐s ♦♣❡♥✱ t❤❡ ♠♦r❡ t❤❡ ❢❛❝✐♥❣
♣❛tt❡r♥s ✇✐❧❧ ❛♣♣❡❛r s❤✐❢t❡❞ ♦♥❝❡ t❤❡ ❝♦r❡ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❞r✐❧❧ ✭❋✐❣✳ ✶❜✮✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ✜❡❧❞ ~δ ✐s ❛❧s♦ ✉♥✐❢♦r♠✳ ❑♥♦✇✐♥❣ t❤❡ ❛♥❣❧❡ β ❛♥❞ t❤❡ ♥♦r♠ δ
✭❋✐❣✳ ✷✮✱ t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡ A✱ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ♠❡❛♥ ❞✐s❝♦♥t✐♥✉✐t② ♣❧❛♥❡✱ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞✿ A = δ/ tan β✳ ❚❤❡ ❛♥❣❧❡ β ❝❛♥
❜❡ ♠❡❛s✉r❡❞ ❞✐r❡❝t❧② ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❝♦♥t✐♥✉✐t② ✉s✐♥❣ ❛♥ ✐♥❝❧✐♥♦♠❡t❡r✱
♦♥❝❡ t❤❡ ❝♦r❡ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s♦✐❧✳ ▼♦r❡♦✈❡r t❤✐s ♠❡❛s✉r❡♠❡♥t ❛❧❧♦✇s
t♦ ❝❤❡❝❦ ✐❢ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t② ❛r❡ ✐♥❞❡❡❞ ♣❛r❛❧❧❡❧ ♦♥ ❛✈❡r❛❣❡✱
❛s ✐t s❤♦✉❧❞ ✐♥❞❡❡❞ ❜❡ ❢♦r ♣✉r❡ ♠♦❞❡ ■ ♦♣❡♥✐♥❣✳ ■♥ t❤❡ ♥❡①t ♣❛rt✱ ✇❡ s❤♦✇
❤♦✇ ~δ ♠❛② ❜❡ ❡✈❛❧✉❛t❡❞✳
❋✐❣✉r❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ✐♥t❡r❝❡♣t ♦❢ ❛ ❞r✐❧❧ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❛
♥♦r♠❛❧ s❤✐❢t ♦❢ ❛ ❞✐s❝♦♥t✐♥✉✐t②✳ ■♥ ✭❜✮✱ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❜♦✉♥❞❛r②
♦❢ t❤❡ ❝♦r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐♠✐❧❛r ❢❛❝✐♥❣ ♣❛tt❡r♥s ✭s❡❡ st❡♣ ✈ ✐♥ ❋✐❣✳ ✷✮
❛r❡ ❝♦♠♣❛r❡❞✱ ❤❡♥❝❡ ~δ ✐s ♦❜t❛✐♥❡❞✳ β ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ t♦ t❤❡
♠❡❛♥ ♣❧❛♥❡ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❝♦r❡ ❛①✐s✳
✷✳✶✳✹ ◗✉❛♥t✐t❛t✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ s❤✐❢t ~δ ❜② ✐♠❛❣❡ ❝♦r✲
r❡❧❛t✐♦♥
▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ s✐❞❡s ♦❢ ❛♥ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t②✱ ❛ss✉♠❡❞ t♦ ❜❡ ♣❛r❛❧❧❡❧
✐♥ s✐t✉✳ ■t ✐s ❛❧s♦ ❛ss✉♠❡❞ t❤❛t ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❜♦t❤ s✐❞❡s ❛r❡ ✈✐s✐❜❧❡✿
✺
t②♣✐❝❛❧❧②✱ s♦♠❡ s✐♠✐❧❛r ♣❛tt❡r♥s ✐♥ t❤❡ t♦♣♦❣r❛♣❤② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ♦♥ ❜♦t❤
s✉r❢❛❝❡s✳ ❙♦♠❡ ♣❛tt❡r♥s ♠❛② ❛❧s♦ ❜❡ ✐❞❡♥t✐✜❡❞ ❜❡❝❛✉s❡ ♦❢ s✐♠✐❧❛r ❝♦❧♦rs
✭❧✐❦❡ ♦①✐❞✐③❡❞ ♣❛rts✮✳ ❊st✐♠❛t❡ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ s❤✐❢t ~δ ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣
❡✐t❤❡r ♠❛♣s ♦❢ t❤❡ t♦♣♦❣r❛♣❤②✱ ♦r ❛♥② t♦♣ ✈✐❡✇ ✐♠❛❣❡s r❡s✉❧t✐♥❣ ❢r♦♠ ❛♥②
t❡❝❤♥✐q✉❡ ✭❧✐❦❡ ♣❤♦t♦s✮ ✇❤❡r❡ t❤❡ s✐♠✐❧❛r ♣❛tt❡r♥s t♦ ❜❡ ❝♦rr❡❧❛t❡❞ ❛r❡ ✈✐s✐❜❧❡✳
■♥ ❋✐❣✳ ✷✱ t❤❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ t♦ ❞❡❞✉❝❡ δ ❢r♦♠ t❤❡ t♦♣♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥t
✐s ♣r❡s❡♥t❡❞✳ ❖♥❝❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ t♦♣♦❣r❛♣❤② ✐s ❦♥♦✇♥ ✭st❡♣ ✐✮ ✭❡✳❣✳
✉s✐♥❣ ❛ ♣r♦✜❧❡r✱ ♦r ♦t❤❡r t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥ ♣r♦❞✉❝❡ s❝❛❧❡❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
❞❛t❛✮✱ ❛ ❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s ✐s ❞♦♥❡✱ ♣❡r❢♦r♠✐♥❣ ❛ r♦t❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧
❛①❡s✱ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ s♦ ❝❛❧❧❡❞ x − y ♣❧❛♥❡ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ♠❡❛♥ ♣❧❛♥❡
♦❢ t❤❡ s✉r❢❛❝❡ ✭❋✐❣✳ ✷✱ st❡♣ ✐✐✮✳ ❚❤❡♥ ❛ r♦t❛t✐♦♥ ♦❢ 180➦ ❛r♦✉♥❞ t❤❡ y − ❛①✐s
♦❢ ♦♥❡ ♦❢ t❤❡ s✉r❢❛❝❡s ✐s ♣❡r❢♦r♠❡❞ ✭❋✐❣✳ ✷✱ st❡♣ ✐✐✐✮✳ ❚❤❡♥ ✐t ✐s ❛ss✉♠❡❞
t❤❛t ♦♥❧② ❛ ✶❉ r♦t❛t✐♦♥ ❛r♦✉♥❞ t❤❡ z − ❛①✐s ❛♥❞ ❛ ✷❉ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ t♦♣
s✉r❢❛❝❡ ❛①❡s ✭❋✐❣✳ ✷✱ st❡♣ ✐✈✮ ❛r❡ r❡q✉✐r❡❞ t♦ ♣♦s✐t✐♦♥ t❤❡ ❢❛❝✐♥❣ ❛s♣❡r✐t✐❡s ❛t
t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡s✳ ❚❤✐s ✷❉ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ t❤❡♦r❡t✐❝❛❧❧② ❜❡ ♦❜t❛✐♥❡❞
✐♥ s❡✈❡r❛❧ ✇❛②s✿ ❡✐t❤❡r ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ✈♦❧✉♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s✐♠✐❧❛r
③♦♥❡s✱ ♦r ✐♥t❡r ❝♦rr❡❧❛t✐♦♥ ✭❡✳❣✳ ❇r♦✇♥ ✭✶✾✾✷✮❀ ❲✐❧s♦♥ ❛♥❞ ❚❤❡r✐♦t ✭✷✵✵✻✮✮
♦❢ ✐♠❛❣❡s ♦r s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐❢ ❜♦t❤ s✉r❢❛❝❡s ❛r❡ ♥♦t s✐♠✐❧❛r
❡♥♦✉❣❤✱ ✇✐t❤ ♣♦ss✐❜❧❡ ♦✉t❧✐❡rs ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥t✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡
✈♦❧✉♠❡ ♠✐♥✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ ✇❛s ♥♦t r❡❧✐❛❜❧❡ ✭✐✳❡✳ ❝❧❡❛r ♠✐s♠❛t❝❤ ♦❢ t❤❡
❢❛❝✐♥❣ ♣❛tt❡r♥s✮✳ ❆ s✐♠♣❧❡ ♠❡t❤♦❞ t♦ ✐♠♣❧❡♠❡♥t ✐s t♦ ✐♥s♣❡❝t ✈✐s✉❛❧❧② ❜♦t❤
♠❛♣s ♦❢ ❡❧❡✈❛t✐♦♥ ❛s ✐♠❛❣❡s ❛♥❞ t♦ s❡❧❡❝t N ♣❛✐rs ♦❢ ♣♦✐♥ts ♦❢ ❝♦♦r❞✐♥❛t❡s(
xBi , y
B
i
)
❛♥❞
(
xTi , y
T
i
)
✭♦♥❡ ❢r♦♠ ❡❛❝❤ ✐♠❛❣❡✮✱ t❤❛t ❛r❡ ❝♦♥✜❞❡♥t❧② ✐❞❡♥t✐✜❡❞
❛s ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ♦❢ t✇♦ ❤♦♠♦❧♦❣♦✉s ❛s♣❡r✐t✐❡s✳ ❚❤❡ ✐s♦♠❡tr② Ω t♦ ❜❡
❛♣♣❧✐❡❞ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❧❡❛st sq✉❛r❡ ♠✐♥✐♠✐③❛t✐♦♥✱ ✐✳❡✳ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢∑N
i=1
[√(
xBi − x
T ′
i
)2
+
(
yBi − y
T ′
i
)2]
✇❤❡r❡
(
xT
′
i , y
T ′
i
)
= Ω
(
xTi , y
T
i
)
✳ ❚❤❡♥✱
t❤❡ ✐♥✲♣❧❛♥❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❝❡♣t ❜❡t✇❡❡♥ t❤❡ ❝♦r❡ ❛♥ t❤❡ ❞✐s❝♦♥t✐♥✉✐t②
❛r❡ ❛❝t✉❛❧❧② ✜tt❡❞ ✇✐t❤ ❛♥ ✐❞❡♥t✐❝❛❧ ❡❧❧✐♣s❡ ❢♦r ❜♦t❤ s✐❞❡s ✭❋✐❣✳ ✷✱ st❡♣ ✈✮✳
❖♥❝❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♠❛❞❡✱ ❡❛❝❤ t♦♣ ❛♥❞ ❜♦tt♦♠ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t
♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❜♦✉♥❞❛r✐❡s ✐s s❤✐❢t❡❞ ♦❢ ~δ✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ❜♦t❤
✜tt❡❞ ❡❧❧✐♣s❡s✱ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ✜❡❧❞ ~δ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞
❛♥❞✱ ✐❢ ✐t ✐s ✉♥✐❢♦r♠ ✭❝♦rr❡s♣♦♥❞✐♥❣ t❤❡r❡❢♦r❡ t♦ ❛ r❡❧❛t✐✈❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡
s✐❞❡s ✇✐t❤♦✉t r♦t❛t✐♦♥✮✱ t❤❡ ✐♥✲♣❧❛♥❡ s❤✐❢t δ ✐s ♦❜t❛✐♥❡❞✳
✻
❋✐❣✉r❡ ✷✿ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❛ss✉♠❡❞ ❤❡r❡ t♦ ❜❡ ♥♦r♠❛❧ t♦ t❤❡ ♠❡❛♥ ♣❧❛♥❡ ♦❢
t❤❡ ❞✐s❝♦♥t✐♥✉✐t②✳ ❚❤❡ ❞✐❛❣r❛♠ s❤♦✇s t❤❡ ♠❛❥♦r ✜✈❡ st❡♣s ♦❢ t❤❡ ♣r♦❝❡ss✐♥❣✳
✐✿ ▼❡❛s✉r❡♠❡♥t ♦❢ t❤❡ s✉r❢❛❝❡ t♦♣♦❣r❛♣❤✐❡s✳ ✐✐✿ ❉❡tr❡♥❞✐♥❣ ❜② r♦t❛t✐♦♥ ♦❢
t❤❡ s✉r❢❛❝❡s❀ ❛❢t❡r t❤✐s r♦t❛t✐♦♥✱ t❤❡ ♠❡❛♥ s✉r❢❛❝❡ ♣❧❛♥❡✱ ❝♦♠♣✉t❡❞ ❜② ❛ ❧❡❛st
♠❡❛♥ sq✉❛r❡ ♠❡t❤♦❞✱ ❞❡✜♥❡s t❤❡ (x, y) ♣❧❛♥❡✳ ✐✐✐✿ ❘♦t❛t✐♦♥ ♦❢ 180➦ ♦❢ t❤❡ t♦♣
s✉r❢❛❝❡ ❛r♦✉♥❞ t❤❡ y−❛①✐s✳ ✐✈✿ ❆s♣❡r✐t② ❝♦rr❡❧❛t✐♦♥ ❛♥❞ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥
✭✐♥✲♣❧❛♥❡ r♦t❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✮ t♦ ❛❞❥✉st t❤❡ t✇♦ s✐❞❡s ♦♥❡ ❛❣❛✐♥st t❤❡
♦t❤❡r❀ t❤✐s st❡♣ r❡q✉✐r❡s s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ ❜♦t❤ s✐❞❡s✳ ✈✿ ❋✐t ♦❢ t❤❡ ❡❧❧✐♣t✐❝
❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s❛♠♣❧❡ ❝♦r❡s✳ ■♥ t❤✐s ♣r♦❝❡ss✐♥❣✱ t❤❡ ♠❡❛♥ ♣❧❛♥❡s ♦❢ ❡❛❝❤
❞✐s❝♦♥t✐♥✉✐t② s✐❞❡s ✇❡r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✐t✐❛❧❧② ♣❛r❛❧❧❡❧✱ ❧✐❦❡ ✐t ✐s t❤❡ ❝❛s❡ ❢♦r
❋✾✳
✷✳✶✳✺ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ❛ r❡❛❧ ❞✐s❝♦♥t✐♥✉✐t② ❢r♦♠ ❉r❛✐①
❜♦r❡❤♦❧❡
❚❤❡ ♥❛t✉r❛❧ ❞✐s❝♦♥t✐♥✉✐t② ✇❤✐❝❤ ✐s st✉❞✐❡❞ ❤❡r❡ ✐s t❤❡ ♦♥❡ ❝❛❧❧❡❞ ❋✾✱ ❡①tr❛❝t❡❞
❢r♦♠ ❛ ❞r✐❧❧ ✐♥ ♠❛r❧ ❛t ❉r❛✐① ✭❋r❡♥❝❤ ❆❧♣s✮ ✭s❡❡ ♣❛♣❡r ✶✮✳ ❋✾ ✐s ❛♥ ♦♣❡♥
❞✐s❝♦♥t✐♥✉✐t② ✐♥ t❤❡ s❡♥s❡ t❤❛t ♥♦ ✐♥✜❧❧ ♠❛t❡r✐❛❧ ✇❛s ♦❜s❡r✈❡❞ ❛♥❞ ♥♦ ❝♦♥t❛❝t
③♦♥❡ ❜❡t✇❡❡♥ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ♣❛rts ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ✐s ❦♥♦✇♥ ❛t t❤❡
❝♦r❡ s❝❛❧❡✳
✼
❋✐❣✉r❡ ✸✿ ▲❡❢t✿ P♦✐♥ts s❡❧❡❝t❡❞ ♦♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ ❋✾✳ P♦✐♥ts ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠✐❧❛r ❛s♣❡r✐t✐❡s ✇❡r❡ ❛❧s♦ s❡❧❡❝t❡❞ ♦♥ t❤❡ ❋✾ t♦♣ s✉r❢❛❝❡✳
❯s✐♥❣ t❤❡s❡ ♣♦✐♥ts✱ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ✇❛s ❞♦♥❡ ✐♥ ♦r❞❡r t♦ ♣♦s✐t✐♦♥❡ ❜♦t❤ s✉r✲
❢❛❝❡s r❡❧❛t✐✈❡❧② t♦ ♦♥❡ ❛♥♦t❤❡r✳ ▼✐❞❞❧❡✿ ❚♦♣♦❣r❛♣❤② ♦❢ ❜♦t❤ s✐❞❡s ♦❢ t❤❡
❞✐s❝♦♥t✐♥✉✐t② ❋✾✳ ❈♦♠♣♦s✐t❡ ♣✐❝t✉r❡ ❢♦r♠❡❞ ♦❢ t✇♦ ♣❛rts✿ t♦♣♦❣r❛♣❤② ♦❢ t❤❡
❜♦tt♦♠ s✐❞❡ s❤♦✇♥ ♦♥ t❤❡ t♦♣ ❧❡❢t✱ t♦♣♦❣r❛♣❤② ♦❢ t♦♣ s✐❞❡ ♦♥ t❤❡ ❜♦tt♦♠
r✐❣❤t✱ ♣♦s✐t✐♦♥❡❞ ❜② ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss ❝♦rr❡❧❛t✐♦♥s✳ ■t s❤♦✇s t❤❛t
s✐♠✐❧❛r ♣❛tt❡r♥s ❛r❡ ❛t t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡s ✇❤✐❧❡ t❤❡ ❡❧❧✐♣s❡s ✜tt✐♥❣ ❜♦t❤
❡❧❧✐♣t✐❝❛❧ ❜♦✉♥❞❛r✐❡s ❛r❡ s❤✐❢t❡❞ ❜② ~δ✳ ❘✐❣❤t✿ ❇❧♦✇ ✉♣ ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ t❤❛t
~δ ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧② ❤♦♠♦❣❡♥❡♦✉s✳
❚❤❡ t♦♣♦❣r❛♣❤② ♦❢ ❜♦t❤ s✐❞❡s ♦❢ ❋✾ ✐s ❦♥♦✇♥ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t ✇✐t❤
❛♥ ♦♣t✐❝❛❧ ♣r♦✜❧❡r ✭♣❛♣❡r ✶✮✳ ❆❝t✉❛❧❧②✱ ❋✾ s❤♦✇s ✈❡r② s✐♠✐❧❛r t♦♣ ❛♥❞ ❜♦tt♦♠
s✉r❢❛❝❡s✳ ❖♥❝❡ st❡♣ ✐✐ ❛♥❞ ✐✐✐ ❛r❡ ♣❡r❢♦r♠❡❞✱ ♦♥❡ s❡❛r❝❤❡s t❤❡ ❜❡st tr❛♥s❢♦r✲
♠❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ s♦ t❤❛t s✐♠✐❧❛r ♣❛tt❡r♥ ❛r❡ ❢❛❝✐♥❣✳❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥
♦❜t❛✐♥❡❞ ❜② s❡❧❡❝t✐♥❣ ♣❛✐rs ♦❢ ♣♦✐♥ts ✭❋✐❣✳ ✮ ♣r♦✈✐❞❡❞ ❛ ❣♦♦❞ ♠❛t❝❤ ♦❢ t❤❡
s✐♠✐❧❛r ♣❛tt❡r♥s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ❚❤❡ ❡❧❧✐♣t✐❝❛❧ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s✉r❢❛❝❡s
❝❛♥ ✐♥❞❡❡❞ ❜❡ ✜tt❡❞ ✇✐t❤ ❛♥ ❡❧❧✐♣s❡ ♦❢ ✐❞❡♥t✐❝❛❧ s✐③❡ ❢♦r t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠
s✐❞❡s✱ ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ❝❡♥t❡r ❛♥❞ ♦r✐❡♥t❛t✐♦♥✳ ❈♦♠♣❛r✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤♦s❡ ❡❧❧✐♣s❡s ♦♥❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛tt❡r♥s ♠❛t❝❤✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ tr❛♥s❢♦r♠ ♦♥❡ ♦❢ t❤❡ ❡❧❧✐♣s❡ t♦ t❤❡ ♦t❤❡r ✇❛s
♠♦st❧② ❛ tr❛♥s❧❛t✐♦♥ ❛♥❞ ❛ ♥❡❣❧✐❣✐❜❧❡ r♦t❛t✐♦♥✿ ~δ ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧② ✉♥✐❢♦r♠✳
❚❤❡ tr❛♥s❧❛t✐♦♥ ✇❛s ❞❡t❡r♠✐♥❡❞ ❛s ❡q✉❛❧ t♦ δ = 2.085± 0.05 ♠♠✳
❆s ♥♦ str✐❛t✐♦♥ ✇❛s s❡❡♥ ♦♥ t❤❡ s✉r❢❛❝❡s✱ ✐t ✇❛s ❞❡❞✉❝❡❞ t❤❛t ❢r❛❝t✉r❡s
♦♣❡♥❡❞ ✐♥ ♠♦❞❡ ■✱ ✇✐t❤ ❛ ❞✐s♣❧❛❝❡♠❡♥t ♥♦r♠❛❧ t♦ t❤❡ ❢r❛❝t✉r❡ ♣❧❛♥❡✳ ❚❤✐s
♠♦❞❡ ✐s ❝♦❤❡r❡♥t ✇✐t❤ ❛ ❢r❛❝t✉r✐♥❣ ❞✉❡ t♦ ❛ ♣♦r❡ ♣r❡ss✉r❡ ✐♥❝r❡❛s❡ ✭❤②❞r❛✉❧✐❝
❢r❛❝t✉r✐♥❣✮✳ ▼❛♥② ♦t❤❡r ♠❡❝❤❛♥✐s♠s ❝❛♥ ❛❧s♦ ❧❡❛❞ t♦ s✉❝❤ t❡♥s✐❧❡ ❢r❛❝t✉r❡s✱
❛s ❧♦❝❛❧ ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❞✉❡ ❡✳❣✳ t♦ t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡✱ ❞r②✐♥❣✱
❝❤❡♠✐❝❛❧ ❝❤❛♥❣❡✳ ❚❤❡ ♦①✐❞❛t✐♦♥ s❤♦✇s t❤❛t ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝❛✉s❡ ♦❢ t❤❡
✽
❢r❛❝t✉r❡✱ ✇❛t❡r ❝✐r❝✉❧❛t❡❞ ✐♥ ✐t ❛❢t❡r ✐ts ❝r❡❛t✐♦♥✳ ❚❤❡ ❛♥❣❧❡ β ✇❛s ♠❡❛s✉r❡❞
❛s β = 42➦✱ ✇❤✐❝❤ ✐♠♣❧✐❡s AF9 = δ/ tan β ≃ 2.3± 0.1 ♠♠✳
❚❤❡ ✜♥❛❧ st❡♣ ✐s t♦ r❡❝♦♥str✉❝t t❤❡ ✈♦❧✉♠❡tr✐❝ ❛♣❡rt✉r❡✱ ❦♥♦✇✐♥❣ t❤❡
❛✈❡r❛❣❡ ❛♣❡rt✉r❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ✢✉❝t✉❛t✐♦♥ ♦❢ ❜♦t❤ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s ❛r♦✉♥❞
t❤❡✐r ♠❡❛♥ ♣❧❛♥❡✳ ❍❡♥❝❡ ❜♦t❤ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s ❛r❡ ✐♥t❡r♣♦❧❛t❡❞ ♦♥ t❤❡ s❛♠❡
(x−y) ❣r✐❞ ✭✉s✐♥❣ tr❛♥s❢♦r♠❡❞ ❝♦♦r❞✐♥❛t❡s✱ ❛❢t❡r st❡♣s ✐ t♦ ✐✐✐ s❤♦✇♥ ✐♥ ❋✐❣ ✷
❛r❡ ♣❡r❢♦r♠❡❞✮ ❛♥❞ ✜♥❛❧❧② t❤❡ ❞❡t❛✐❧❡❞ ❛♣❡rt✉r❡ ✜❡❧❞ ♦❢ ❋✾ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹
✐s ♦❜t❛✐♥❡❞✳ ■♥ t❤✐s ✜❣✉r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❛♣❡rt✉r❡ ✐♥ t❤❡ ❝❡♥tr❛❧
③♦♥❡ ✐s ❛❜♦✉t 0.2 ♠♠ ❧❛r❣❡r t❤❛♥ ♦♥ t❤❡ ❜♦r❞❡r ♦❢ t❤❡ ❝♦r❡✱ ❛♥❞ t❤❛t s♦♠❡
s♠❛❧❧ ③♦♥❡s ♦❢ ❛❜♦✉t 3 ♠♠3 s❤♦✇ ❛ ❧♦❝❛❧❧② ❧❛r❣❡r ❛♣❡rt✉r❡ t❤❛♥ t❤❡ ♦♥❡ ✐♥
t❤❡ s✉rr♦✉♥❞✐♥❣s✳
❋✐❣✉r❡ ✹✿ ❆♣❡rt✉r❡ ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ❋✾ ✐ss✉❡❞ ❢r♦♠ t❤❡ ❧❛s❡r ♣r♦✜❧❡r t♦♣♦❣✲
r❛♣❤② ♠❡❛s✉r❡♠❡♥t ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ✐♠❛❣❡ ❝♦rr❡❧❛t✐♦♥✳ ❯♥✐ts ❛r❡ ✐♥
♠♠✳
✷✳✷ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❛ s❡❛❧❡❞ ❞✐s❝♦♥✲
t✐♥✉✐t②
❋♦r ❛ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t②✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐s♦❧❛t❡❞ ❢r♦♠ t❤❡ ♠❛tr✐①✱ t❤❡
❛♣❡rt✉r❡ ❝❛♥ ❜❡ ✈✐s✉❛❧❧② ❛♣♣r❡❝✐❛t❡❞✱ ❜✉t r❡♠❛✐♥s t♦ ❜❡ ❢✉❧❧② q✉❛♥t✐✜❡❞✳
❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ❡❧❡✈❛t✐♦♥ ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ s❛♠♣❧❡✱
s♦ ❛s t♦ ❞❡❞✉❝❡ ✐ts t❤✐❝❦♥❡ss ❜② ❛♣♣r♦♣r✐❛t❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭❋✐❣✳ ✺✮✳ ❆
❝r✐t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r s✉❝❤ ❛ ♣r♦❝❡❞✉r❡ t♦ ♣r♦✈✐❞❡ ♠❡❛♥✐♥❣❢✉❧ r❡s✉❧ts ✐s t❤❛t
❜♦t❤ t♦♣♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥ts s❤❛r❡ ❛ ❝♦♠♠♦♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ✇❤✐❝❤ ♠❛②
❜❡ ❛❞❡q✉❛t❡❧② ❞♦♥❡ ❜② ✇❡❞❣✐♥❣ t❤❡ ✈❡✐♥ ✐♥t♦ ❛ r✐❣✐❞ ❜♦① ♦❢ ❦♥♦✇♥ ❣❡♦♠❡tr②
✭❋✐❣s✳ ✺✱ ✻ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ ❋✐❣✳ ✻ ✐♥ ♣❛♣❡r ✶✮✳ ❋✐rst✱ t❤❡ t♦♣♦❣r❛♣❤②
✾
♦❢ ♦♥❡ s✉r❢❛❝❡ ✭❝❛❧❧❡❞ t♦♣✱ s❛②✮ ✐s ❞❡t❡r♠✐♥❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ t❤❡ ❜♦① ✭A1 B1 C1 D1✮✳ ❙❡❝♦♥❞✱ t❤❡ ❜♦① ✐s ✢✐♣♣❡❞ ✉♣s✐❞❡ ❞♦✇♥ ❛♥❞
t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ ♦t❤❡r s✉r❢❛❝❡ ✭❜♦tt♦♠✮ ✐s s✐♠✐❧❛r❧② ♠❡❛s✉r❡❞✳ ■t ✐s
t❤❡♥ ♣♦ss✐❜❧❡ t♦ tr❛♥s❢♦r♠ ❝♦♦r❞✐♥❛t❡s ❢r♦♠ t❤❡ ❣❧♦❜❛❧ ❢r❛♠❡ ✕ ❣✐✈❡♥ ❜② t❤❡
♣r♦✜❧❡r ✕ t♦ t❤❡ ❧♦❝❛❧ ❢r❛♠❡s R1 ❛♥❞ R2✱ ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤✱ t❤❡
t♦♣ ❛♥❞ ❜♦tt♦♠ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❜♦①✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣s✳ ✺ ❛♥❞ ✻✳ ❚♦ ❞♦
s♦✱ ❛ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❜♦① ❣❡♦♠❡tr② ✐s ❛❧s♦ ♠❛♥❞❛t♦r②✳ ❚❤❡ ✉s❡ ♦❢
❛ r❡❝t❛♥❣✉❧❛r ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ❜♦① ❣r❡❛t❧② ❡❛s❡s t❤✐s ♣r♦❝❡❞✉r❡ ✭s❡❡ ♣r❛❝t✐❝❛❧
♣r♦t♦❝♦❧ ✐♥ ❆♣♣❡♥❞✐① ✻✮✳ ❖♥❝❡ t❤❡ t♦♣♦❣r❛♣❤② ✐s ❦♥♦✇♥ ✐♥ ❢r❛♠❡s R1 ❛♥❞
R2✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ ❜♦t❤ t❤❡s❡ ❢r❛♠❡✱ t❤❡ ❛♣❡rt✉r❡ ❝❛♥
✜♥❛❧❧② ❜❡ ♦❜t❛✐♥❡❞✳
❚❤✐s ♣r♦❝❡❞✉r❡ ✇❛s ❛♣♣❧✐❡❞ t♦ ❛ ♥❛t✉r❛❧ ❞✐s❝♦♥t✐♥✉✐t②✱ ❝❛❧❧❡❞ ❈✶✹ ✐♥ ♣❛✲
♣❡r ✶✱ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ ❞r✐❧❧ ❛t ❉r❛✐① ✭❋r❡♥❝❤ ❆❧♣s✮✳ ❈✶✹ r❡❢❡rs t♦ ❛ ❞✐s❝♦♥t✐✲
♥✉✐t② s❡❛❧❡❞ ✇✐t❤ ❝❛❧❝✐t❡✱ ✐♥✲s✐t✉ ❡♠❜❡❞❞❡❞ ✐♥t♦ ♠❛r❧✱ ✇❤✐❝❤ ✇❛s st✉❞✐❡❞ ❛❢t❡r
r❡♠♦✈✐♥❣ t❤❡ s✉rr♦✉♥❞✐♥❣ ❜✉❧❦ ♠❛r❧✳ ❚❤✐s ❞✐s❝♦♥t✐♥✉✐t② ✇❛s t❤❡♥ ✇❡❞❣❡❞ ✐♥
❛ ❜♦①✱ ❛♥❞ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ ❡❛❝❤ s✐❞❡ ✇❛s ♠❡❛s✉r❡❞ ✇✐t❤ ❛♥ ♦♣t✐❝❛❧ ♣r♦✜❧❡r
✭❋✐❣✳ ✻ ✐♥ ♣❛♣❡r ✶✮✱ ❛❧❧♦✇✐♥❣ t♦ r❡❝♦♥str✉❝t ✐ts t❤✐❝❦♥❡ss ❣❡♦♠❡tr②✱ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✼✳
❋✐❣✉r❡ ✺✿ ❙❝❤❡♠❛t✐❝ s✐❞❡ ✈✐❡✇ ♦❢ t❤❡ s❛♠♣❧❡✳ ❇② ♠❡❛s✉r✐♥❣ t❤❡ t♦♣♦❣r❛♣❤②
♦❢ ❜♦t❤ s✉r❢❛❝❡s✱ ✐ts t❤✐❝❦♥❡ss ❝❛♥ ❜❡ ❞❡❞✉❝❡❞✱ s❡❡ t❡①t ❢♦r ❞❡t❛✐❧s✳
❋✐❣✉r❡ ✻✿ ❉r❛✇✐♥❣ ♦❢ ❛ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t② ✇❡❞❣❡❞ ✐♥ ❛ r✐❣✐❞ ❢r❛♠❡ ✭❜♦①✮✳
✶✵
❚❤❡ ❡rr♦r ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥✐♥❣ ❜❡t✇❡❡♥ ❢r❛♠❡s R1 ❛♥❞
R2 ❛♥❞ tr❛♥s❧❛t❡s ✐♥t♦ ❛♥ ❡rr♦r ♦♥ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❛♣❡rt✉r❡✱ ✇❤✐❝❤ ❤❛s
❜❡❡♥ ❡st✐♠❛t❡❞ ❜② t✇♦ ✐♥❞❡♣❡♥❞❡♥t r❡❝♦♥str✉❝t✐♦♥s✳ ❚❤✐s ❡rr♦r ✐s ♦♥ ❛✈❡r✲
❛❣❡ 0.2 ♠♠✱ ❛♥❞ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ s❧♦♣❡✳ ▼♦st ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡
❛♣❡rt✉r❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❜♦① ♥♦t ❜❡✐♥❣ ❡①❛❝t❧② r✐❣✐❞ ❛♥❞
♦rt❤♦❣♦♥❛❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✉s✐♥❣ ❛ ❜♦① ❞❡s✐❣♥❡❞ ❜❡tt❡r t❤❛♥ ❢♦r
t❤✐s ❡①♣❧♦r❛t♦r② t❡st✳
❋✐❣✉r❡ ✼✿ ❘❡❝♦♥str✉❝t❡❞ ❛♣❡rt✉r❡ ✜❡❧❞ ♦❢ ❈✶✹✳ ❯♥✐ts ❛r❡ ✐♥ ♠♠✳
✸ ❙t❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡s
✸✳✶ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ♠♦r♣❤♦❧♦❣② ♦❢ ❛♥
♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t②
❚❤❡ ❛♣❡rt✉r❡ ✜❡❧❞ ♦❢ ❋✾ r❛♥❣❡s ❜❡t✇❡❡♥ 2 ♠♠ ❛♥❞ 3 ♠♠ ✭❋✐❣✳ ✹✮✳ ■ts
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭❋✐❣✳ ✽✱ ❊✮ ✐s ❛♣♣r♦①✐♠❛t❡❧② ♥♦r♠❛❧ ✭❋✐❣✳ ✽✱ ❋✮
✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✵✳✵✽ ♠♠ ❛r♦✉♥❞ t❤❡ ♠❡❛♥ ❛♣❡rt✉r❡A = 2.3 ♠♠✳
❚❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ✐s ❛❜♦✉t ✜✈❡ t✐♠❡s ❧♦✇❡r t❤❛♥ t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❡❧❡✈❛t✐♦♥ ♦❢ ❡❛❝❤ s✐❞❡✱ ✇❤✐❝❤ ✐s 0.4 ♠♠ ✭♣❛♣❡r ✶✱
r❡❝❛❧❧❡❞ ✐♥ ❋✐❣✳ ✽✱ ❆✱ ❇✱ ❈✱ ❉✮✳ ❚❤✐s r❡s✉❧ts ❛❧r❡❛❞② s❤♦✇s t❤❛t t❤❡ s✉r❢❛❝❡
t♦♣♦❣r❛♣❤✐❡s ❛r❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞✳ ❋✉rt❤❡r ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t♦♣ ❛♥❞
❜♦tt♦♠ s✉r❢❛❝❡ t♦♣♦❣r❛♣❤✐❡s ✐s ❞♦♥❡ ❜② ❛♥❛❧②③✐♥❣ t❤❡✐r s❝❛❧✐♥❣ ♣r♦♣❡rt✐❡s✳
✶✶
❋✐❣✉r❡ ✽✿ Pr♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❡❧❡✈❛t✐♦♥ ♦❢ t❤❡ ❜♦tt♦♠ ✭❆✮ ❛♥❞
t♦♣ s✐❞❡s ✭❈✮✱ ❛♥❞ ❛♣❡rt✉r❡ ✭❊✮ ♦❢ ❋✾✱ ❛♥❞ t❤❡✐r ♥♦r♠❛❧ ♣r♦❜❛❜✐❧✐t② ✜ts ✭❇✱
❉✱ ❋✮✳ ❋♦r ❆✱ ❇✱ ❈✱ ❉✱ ♠❡❛♥ ✈❛❧✉❡ ✐s 0 ♠♠ ❛♥❞ ❘▼❙ ✭❘♦♦t ▼❡❛♥ ❙q✉❛r❡✮ ✐s
❛❜♦✉t 0.4 ♠♠✳ ❋♦r ❊✱ ❋✱ ♠❡❛♥ ✈❛❧✉❡ ✐s 2.3 ♠♠ ❛♥❞ ❘▼❙ ✐s ❛❜♦✉t 0.08 ♠♠✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡ ♣❧♦ts ❆✱ ❇✱ ❈✱ ❉ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ♣❛♣❡r ✶✳
❚❤❡ s❝❛❧✐♥❣ ❧❛✇ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❡①❛❝t❧② ✇✐t❤ t❤❡
s❛♠❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❡①♣r❡ss✐♦♥ ❛s ❢♦r t❤❡ t♦♣♦❣r❛♣❤✐❡s ✭s❡❡ ♣❛♣❡r ✶✱ s❡❝t✐♦♥
✺✮✱
C2
(
~∆
)
=
√〈[
f
(−−→
OM + ~∆
)
− f
(−−→
OM
)]2〉
, ✭✶✮
✇❤❡r❡ f ✐s t❤❡ ❢✉♥❝t✐♦♥ t♦ ❜❡ ❛♥❛❧②③❡❞ ✭❤❡r❡✱ t❤❡ ❛♣❡rt✉r❡✮✱ ~∆(∆x,∆y) t❤❡
❧❛❣ ✈❡❝t♦r ✭✐✳❡✳ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐st❛♥❝❡ ❛t ✇❤✐❝❤ t❤❡ ❝♦rr❡❧❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞✮✱
〈〉 ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❛✈❡r❛❣❡ ✐s ❝♦♠♣✉t❡❞ ♦✈❡r ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ s♣❛t✐❛❧ ♣♦✐♥ts
M s♦ t❤❛t z
(−−→
OM
)
❛♥❞ z
(−−→
OM + ~∆
)
❛r❡ ❞❡✜♥❡❞✱ ❛♥❞ ∆0 ✐s ❤❡r❡ ❝❤♦s❡♥ t♦
❜❡ 1 ♠♠✳ ❚❤❡ s❡❧❢✲❛✣♥✐t② ✇❛s ❝❤❡❝❦❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ ♣❛♣❡r ✶✱ ✐✳❡✳ ❜②
♣❧♦tt✐♥❣ C2 (∆) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ∆ ✐♥ ❛ ❧♦❣✲❧♦❣ r❡♣r❡s❡♥t❛t✐♦♥✿ ✐❢ s✉❝❤ ❛ ♣❧♦t
✐s ❧✐♥❡❛r✱ t❤❡ s❧♦♣❡ ♣r♦✈✐❞❡s ❛ ❞✐r❡❝t ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❍✉rst ❡①♣♦♥❡♥t✳
❚❤✐s ❤❛s ❜❡❡♥ ♣❧♦tt❡❞ ✐♥ ✶❉ ✭❋✐❣✳ ✾✮✱ ❢♦r ❣✐✈❡♥ ❞✐r❡❝t✐♦♥s θ✱ ❞❡✜♥❡❞ ❛s t❤❡
✶✷
❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ x−❛①✐s ❛♥❞ ~∆✱ ❛♥❞ ✐♥ ✷❉ ✭❋✐❣✳ ✶✵✮✱ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❡
✐s♦tr♦♣② ♦❢ t❤❡ s❝❛❧✐♥❣ ❧❛✇✳ ❋✐❣✉r❡ ✾ s❤♦✇s t❤❛t t❤❡ s❝❛❧✐♥❣ ❧❛✇ ♣r♦♣❡rt② ♦❢
t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❛♣❡rt✉r❡✱ ♣❧♦tt❡❞ ❢♦r t✇♦ ❞✐r❡❝t✐♦♥s✱ ✐s r❛t❤❡r ❞✐✛❡r❡♥t ❢r♦♠
t❤❛t ♦❢ ❡❛❝❤ s✐❞❡✱ ✇❤♦s❡ s❝❛❧✐♥❣ ❝✉r✈❡s ✭❆✱ ❇✱ ❈✱ ❉✮ ❛r❡ r❡❝❛❧❧❡❞ ❢♦r ❝♦♠✲
♣❛r✐s♦♥✳ ❲❤✐❧❡ t❤♦s❡ ✇❡r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ s❡❧❢✲❛✣♥❡ ❛t ❧❡❛st ❢r♦♠ ✵✳✵✹ ♠♠
t♦ ✼ ♠♠ ✭♣❛♣❡r ✶✮✱ t❤❡ ❛♣❡rt✉r❡ ✭❊✱ ❋✮ ❡①❤✐❜✐ts ❛ s❡❧❢✲❛✣♥❡ ♣r♦♣❡rt② ♦♥❧②
♦♥ ❛ ✈❡r② s❤♦rt r❛♥❣❡ ♦❢ s❝❛❧❡s ✭❢r♦♠ 0.04 ♠♠ t♦ 0.8 ♠♠✮✳ ❆t ❧❛r❣❡r s❝❛❧❡s✱
t❤❡ ❛✉t♦❝♦rr❡❧❛t✐♦♥ C2 ❢♦r t❤❡ ❋✾ ❛♣❡rt✉r❡ t❡♥❞s t♦ s❛t✉r❛t❡✱ ✇✐t❤ ❛ ♠♦❞✲
❡r❛t❡ ❝r♦ss♦✈❡r ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❜♦t❤ r❡❣✐♠❡s ♦❝❝✉rs✳ ❙✐♠✐❧❛r
❛♥❛❧②t✐❝ ❛♥❞ ♥✉♠❡r✐❝❛❧ s❝❛❧✐♥❣ ❝✉r✈❡s ✇❡r❡ ❞✐s❝✉ss❡❞ ❡✳❣✳ ❜② ❇r♦✇♥ ✭✶✾✾✺✮❀
P❧♦✉r❛❜♦✉é ❡t ❛❧✳ ✭✶✾✾✺✮❀ ●❧♦✈❡r ❡t ❛❧✳ ✭✶✾✾✽✮❀ ❖❣✐❧✈✐❡ ❡t ❛❧✳ ✭✷✵✵✻✮❀ ▼é❤❡✉st
❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✸✮❀ ❆✉r❛❞♦✉ ❡t ❛❧✳ ✭✷✵✵✻✮✱ ✇❤♦ st✉❞✐❡❞ t❤❡ ❛♣❡rt✉r❡
♦❜t❛✐♥❡❞ ❢r♦♠ t✇♦ s❡❧❢✲❛✣♥❡ s✉r❢❛❝❡s ♠❛t❝❤✐♥❣ ❛t ❧❛r❣❡ s❝❛❧❡s ❛♥❞ ✐♥❞❡♣❡♥✲
❞❡♥t ❛t s♠❛❧❧ s❝❛❧❡s✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ♠✐s♠❛t❝❤ ❛t s♠❛❧❧ s❝❛❧❡s ✐s ✐s♦tr♦♣✐❝
❛♥❞ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ s♠❛❧❧ s❝❛❧❡ s✉r❢❛❝❡ ❞❛♠❛❣✐♥❣✱ ✇❤✐❧❡ t❤❡ ❧❛r❣❡ s❝❛❧❡
♠❛t❝❤ ♣r♦❜❛❜❧② r❡✢❡❝ts t❤❡ ✐♥✐t✐❛❧ ♠❛t❝❤ ♦❢ t❤❡ ❢r❛❝t✉r❡ ❜♦✉♥❞❛r✐❡s✳ ❍❡r❡✱
t❤❡ ❍✉rst ❡①♣♦♥❡♥t ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ s❡❧❢✲❛✣♥✐t② ❛t s♠❛❧❧ s❝❛❧❡s ✐s ❞✐✣❝✉❧t
t♦ r♦❜✉st❧② ❡st✐♠❛t❡✱ ❞✉❡ t♦ t❤❡ ✈❡r② s❤♦rt r❛♥❣❡ ✇❤❡r❡ t❤❡ s❡❧❢✲❛✣♥✐t② ❝❛♥
✐ts❡❧❢ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ✜t ♣r♦♣♦s❡❞ ✐♥ ❋✐❣✳ ✾ ❤❛s ❛ s❧♦♣❡ ✭❍✉rst ❡①♣♦♥❡♥t✮ ♦❢
✵✳✼✳ ❚❤✐s ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ♣❛♣❡r ✶✱ ✇❤❡r❡ ✐t ✇❛s
s❤♦✇♥ t❤❛t ❜♦t❤ s✐❞❡s ♦❢ ❋✾ ❤❛✈❡ ❛ s❡❧❢✲❛✣♥❡ ❣❡♦♠❡tr② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛
❍✉rst ❡①♣♦♥❡♥t ♦❢ ✵✳✼ t♦ ✵✳✼✺✳ ❋✐❣✉r❡ ✶✵✱ ❧❡❢t✱ ✐s ❛ ✷❉ ♣❧♦t ♦❢ log10 [C2 (∆)/∆0]
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s (log10 (∆/lp) , θ) ✭lp = 0.04 ♠♠✮✳ ■t
s❤♦✇s t❤❛t t❤❡ s❝❛❧✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♣❡rt✉r❡ ❛r❡ r♦✉❣❤❧② t❤❡ s❛♠❡ ✐♥ ❛♥②
❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ✇❛s ❛❧s♦ t❤❡ ❝❛s❡ ❢♦r ✐ts s✉r❢❛❝❡✳
✶✸
❋✐❣✉r❡ ✾✿ P❧♦t ♦❢ log10 [C2 (∆)/∆0] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ log10 [∆/∆0]✱ ❢♦r ❞✐s❝♦♥✲
t✐♥✉✐t② ❋✾✱ ✐♥ ❞✐r❡❝t✐♦♥s θ ❡q✉❛❧ t♦ 10➦ ❛♥❞ −80➦✱ ❢♦r t❤❡ ❜♦tt♦♠ s✐❞❡ ✭❆✱ ❇✮✱
t♦♣ s✐❞❡ ✭❈✱ ❉✮✱ ❛♥❞ ❛♣❡rt✉r❡ ✭❊✱ ❋✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡
♣❧♦ts ❆✱ ❇✱ ❈✱ ❉ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ♣❛♣❡r ✶✳ ❚❤❡ ✜t ❝✉r✈❡ s❤♦✇s t❤❡ s✉❣❣❡st❡❞
♠♦❞❡❧ ❢♦r t❤❡ ❋✾ ❛♣❡rt✉r❡✿ ✐t ✐s s❡❧❢✲❛✣♥❡ ❢r♦♠ ∆ = 0.04 ♠♠ t♦ ∆ = 0.8 ♠♠
✇✐t❤ ❛ s❧♦♣❡ ♦❢ ✵✳✼ ❛♥❞ C2 (0.1 ♠♠) = 17 ➭♠❀ t❤❡♥ ❢♦r ∆ ✈❛❧✉❡s ❤✐❣❤❡r t❤❛♥
✵✳✽ ♠♠ ✐t r❡❛❝❤❡s ❛ ♣❧❛t❡❛✉ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ C2 (∆ > 0.8 ♠♠) = 0.07 ♠♠✳
✶✹
❋✾ ❈✶✹
❋✐❣✉r❡ ✶✵✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ log10 [C2 (∆)/∆0] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r
❝♦♦r❞✐♥❛t❡s (log10 (∆/lp) , θ)✱ ✇❤❡r❡ lp ✐s ✵✳✵✹ ♠♠✱ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❛♣❡rt✉r❡s
❋✾ ✭❧❡❢t✮ ❛♥❞ ❈✶✹ ✭r✐❣❤t✮✳ ❋♦r ❈✾ ❛♥❞ ❈✶✹✱ t❤❡ ✐s♦✈❛❧✉❡ ❧✐♥❡s ❛r❡ ❛ ❢❛♠✐❧②
♦❢ s❧✐❣❤t❧② ❡❧♦♥❣❛t❡❞ ❝✐r❝❧❡s✱ s❤♦✇✐♥❣ t❤❛t ❜♦t❤ ❛♣❡rt✉r❡s ❛r❡ ✐s♦tr♦♣✐❝ ❛t
✜rst ♦r❞❡r✳ ◆♦t❡ t❤❛t✱ ❛t s❡❝♦♥❞ ♦r❞❡r✱ ❈✶✹ ✐s s❧✐❣❤t❧② ♠♦r❡ ❛♥✐s♦tr♦♣✐❝❀
❛♥❞ ❛❧s♦ t❤❛t C2 ✈❛❧✉❡s ❛r❡ ❤✐❣❤❡r ❢♦r ❈✶✹ t❤❛♥ ❢♦r ❋✾✳ ❚❤❡s❡ ❧✐♥❡s ❛r❡
r❡❣✉❧❛r❧② ❞✐str✐❜✉t❡❞ ❢♦r ❈✶✹✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❛♣❡rt✉r❡ ✐s s❡❧❢✲❛✣♥❡ ♦✈❡r ❛❧❧
t❤❡ ♦❜s❡r✈❡❞ r❛♥❣❡s✱ ✇❤✐❧❡ ❋✾ ❛♣❡rt✉r❡ s❤♦✇s ♦♥❧② ❛ s❡❧❢✲❛✣♥❡ ❧❛✇ ❛t ✈❡r②
s♠❛❧❧ s❝❛❧❡s✳
✸✳✷ ❙❝❛❧✐♥❣ ❧❛✇ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ s❡❛❧❡❞ ❞✐s❝♦♥t✐✲
♥✉✐t②
❚❤❡ ❝❛❧❝✐t❡ ❥♦✐♥t st✉❞✐❡❞✱ ❈✶✹✱ ❤❛s ❛ t❤✐❝❦♥❡ss r❛♥❣✐♥❣ ❢r♦♠ ❛❜♦✉t ✸ ♠♠
t♦ ✶✹ ♠♠✳ ❚❤✐s t❤✐❝❦♥❡ss ✭s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✮✱ ♠♦st❧② ❛r♦✉♥❞ ✶ ❝♠✱ ✐s r❡❧❛✲
t✐✈❡❧② ✈❛r✐❛❜❧❡ ❞✉❡ t♦ t❤❡ ❛♥❛st♦♠♦s❡ ♦❢ ♠✉❧t✐♣❧❡ ❝❛❧❝✐t❡ ❧❛②❡rs ✭s❡❡ ❋✐❣✳ ✺ ✐♥
♣❛♣❡r ✶✮✳
C2 ✇❛s ❝♦♠♣✉t❡❞ ❢♦r ❛♣❡rt✉r❡ ❈✶✹✱ ❛♥❞ ❋✐❣✳ ✶✶ s❤♦✇s t❤❡ ✶❉ ♣❧♦t ♦❢
log10 [C2 (∆)/∆0] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ log10 [∆/∆0] ❢♦r t✇♦ ❞✐r❡❝t✐♦♥s ✭❤❡r❡❛❢t❡r
❞❡♠♦♥str❛t❡❞ ❛s ❜❡✐♥❣ ❝❧♦s❡ t♦ t❤❡ ❞✐r❡❝t✐♦♥s s❤♦✇✐♥❣ t❤❡ ❧❛r❣❡st ❛♥✐s♦tr♦♣②✮✿
θ = −35➦ ❛♥❞ θ = 55➦✳ ❆ ❧✐♥❡❛r tr❡♥❞ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢r♦♠ ✵✳✸ ♠♠ t♦ ✷✺ ♠♠✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛ s❡❧❢✲❛✣♥❡ ❧❛✇ ❝❛♥ ❜❡ ✜tt❡❞✳ ❆s s❤♦✇♥ ❜② ❋✐❣✳ ✶✷✱ C2
❢♦r ❈✶✹ ✐s s❧✐❣❤t❧② ❛♥✐s♦tr♦♣✐❝✱ ❛s ✇❛s t❤❡ ❝❛s❡ ❢♦r ✐ts s✉r❢❛❝❡s✱ ✇✐t❤ C2 (∆0)
✈❛❧✉❡s ♣r♦❣r❡ss✐✈❡❧② ✈❛r②✐♥❣ ✭❛♠♣❧✐t✉❞❡ ♦❢ ±0.08✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐r❡❝t✐♦♥✱
❛r♦✉♥❞ ✵✳✸✹ ♠♠✱ ✇✐t❤ ❡①tr❡♠❛❧ ✈❛❧✉❡s ❛r♦✉♥❞ θ ❡q✉❛❧ t♦ −50➦ ❛♥❞ 40➦✳ ❚❤❡
❍✉rst ❡①♣♦♥❡♥t ❛❧s♦ s❤♦✇s ❛♥ ❛♥✐s♦tr♦♣② ✭❤♦✇❡✈❡r ❧❡ss ♣r♦♥♦✉♥❝❡❞✮✱ ❛s ✐t
✈❛r✐❡s ❛r♦✉♥❞ ✵✳✼✽ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐r❡❝t✐♦♥✱ ❜② ±0.04✳ ◆♦t❡ t❤❛t t❤❡ s✐❞❡s
❛♥❞ t❤❡ ❛♣❡rt✉r❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♦r✐❡♥t❡❞ r❡❧❛t✐✈❡❧② t♦ ♦♥❡ ❛♥♦t❤❡r ✭s❡❡
s❡❝t✐♦♥ ✷✳✷✮✱ s♦ t❤❛t t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ ❛♥✐s♦tr♦♣② ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❜❡t✇❡❡♥
✶✺
❜♦t❤ s✉r❢❛❝❡s ❛♥❞ t❤❡ ❛♣❡rt✉r❡✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ ❛♥ ✐s♦tr♦♣✐❝ s❡❧❢✲❛✣♥❡
s✉r❢❛❝❡ ❝❛♥ ❜❡ ❢✉❧❧② ♦❜s❡r✈❡❞ ✐♥ ❋✐❣ ✶✵✱ r✐❣❤t✱ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐s♦✈❛❧✉❡s
❛r❡ ❡❧♦♥❣❛t❡❞ ❝✐r❝❧❡s✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❛♥✐s♦tr♦♣② ❞✐r❡❝t✐♦♥
s❧✐❣❤t❧② ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❛♥❣❡ ♦❢ s❝❛❧❡s✳ ■❣♥♦r✐♥❣ t❤❡s❡ s❡❝♦♥❞ ♦r❞❡r
❡✛❡❝ts ❧❡❛❞s t♦ ❛ ❣❧♦❜❛❧ ❍✉rst ❡①♣♦♥❡♥t ♦❢ ❛❜♦✉t 0.8 ❢♦r t❤❡ ❛♣❡rt✉r❡ ❛♥❞
0.75 ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ s✐❞❡s✱ ✇❤♦s❡ s❝❛❧✐♥❣ ❝✉r✈❡s ✭❋✐❣✳ ✶✶ ❆✱ ❇✱ ❈✱ ❉✮ ❛r❡
r❡❝❛❧❧❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥ ✭s❡❡ ♣❛♣❡r ✶✮✳ C2 (∆0) ♦❢ ❛♣❡rt✉r❡ ❈✶✹ ✐s ❤♦✇❡✈❡r
s❤♦✇♥ t♦ ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ✐ts s✐❞❡s ✭❋✐❣✳ ✶✷✱ r✐❣❤t✮✱ ✇❤✐❝❤ s✐♠♣❧②
s❤♦✇s t❤❛t t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜✐❧✐t② ❛t ✶ ♠♠ ♦❢ t❤❡ ❛♣❡rt✉r❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❡
✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ ❜♦t❤ s✐❞❡s✳ ❚❤✐s ✐s ❛ ❜❡❤❛✈✐♦r ♦♣♣♦s✐t❡ t♦
✇❤❛t ✐s ♦❜s❡r✈❡❞ ❢♦r ❞✐s❝♦♥t✐♥✉✐t② ❋✾✱ ✇❤♦s❡ ❛♣❡rt✉r❡ s❤♦✇s ❧❡ss ✢✉❝t✉❛t✐♦♥s
t❤❛♥ ✐ts s✐❞❡s✳
❈✶✹ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❞✐s❝♦♥t✐♥✉✐t② ✇✐t❤ t✇♦ ✐♥❞❡♣❡♥❞❡♥t s✐❞❡s ✇❤✐❝❤ ❛r❡
❜♦t❤ s❡❧❢✲❛✣♥❡ ✇✐t❤ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ❍✉rst ❡①♣♦♥❡♥t✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s
❛ t❤✐❝❦♥❡ss ✇❤✐❝❤ ✐s s❡❧❢✲❛✣♥❡ ♦✈❡r t❤❡ s❛♠❡ r❛♥❣❡ ♦❢ s❝❛❧❡s ❛s t❤❛t ♦❢ t❤❡
s✐❞❡s✳
❋✐❣✉r❡ ✶✶✿ P❧♦t ♦❢ log10 [C2 (∆)/∆0] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ log10 [∆/∆0]✱ ❢♦r t❤❡ ❈✶✹
❞✐s❝♦♥t✐♥✉✐t②✱ ✐♥ ❞✐r❡❝t✐♦♥s θ ❡q✉❛❧ t♦ −35➦ ❛♥❞ 55➦✱ ❢♦r t❤❡ ❜♦tt♦♠ s✐❞❡ ✭❆✱
❇✮✱ t♦♣ s✐❞❡ ✭❈✱ ❉✮✱ ❛♥❞ t❤✐❝❦♥❡ss ✭❊✱ ❋✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠♦❞❡❧ s✉❣❣❡st❡❞
❢♦r t❤❡ ❈✶✹ ❛♣❡rt✉r❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✸✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡ ♣❧♦ts ❆✱
❇✱ ❈✱ ❉ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ♣❛♣❡r ✶✳
✶✻
ζ C2 (∆0)
❋✐❣✉r❡ ✶✷✿ P♦❧❛r ♣❧♦t ♦❢ ζ ✭❧❡❢t✮ ❛♥❞ C2 (∆0) ✐♥ ♠♠ ✭r✐❣❤t✮ ❛s ❢✉♥❝t✐♦♥s ♦❢ θ✱
❢♦r t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ s✐❞❡s✱ ❛♥❞ ❛♣❡rt✉r❡✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❧❛❜❡❧s✱ ❢♦r
❈✶✹ ❞✐s❝♦♥t✐♥✉✐t②✳ ❚❤❡ ❡❧❧✐♣s♦✐❞❛❧ s❤❛♣❡ ♦❢ t❤❡ ❝✉r✈❡s s❤♦✇s ❤♦✇ ❛♥✐s♦tr♦♣✐❝
t❤❡ s❝❛❧✐♥❣ ❛r❡✳
✹ ❍②❞r❛✉❧✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❉r❛✐① ❢♦r♠❛t✐♦♥
❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥✢✉❡♥❝✐♥❣ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ ❛
❢r❛❝t✉r❡❞ ❜❡❞r♦❝❦ ❚❤❡ ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ♣r❡s❡♥t ♣❡r♠❡❛❜✐❧✐t② k ♦❢
t❤❡ ❉r❛✐① ❢r❛❝t✉r❡❞ ❜❡❞r♦❝❦ ❛t ❧❛r❣❡ s❝❛❧❡✳ ❖♣❡♥ ❢r❛❝t✉r❡s✱ ❧✐❦❡ ❋✾✱ ✇✐❧❧ ♣❧❛②
❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ ♣❡r♠❡❛❜✐❧✐t②✳ ❚❤❡ ❜❡❞r♦❝❦ ❜❡✐♥❣ ❡ss❡♥t✐❛❧❧② ✐♥t❛❝t
♠❛r❧✱ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ✐♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ♣❧❛♥❡ ❢r❛❝✲
t✉r❡ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ✐♥✲♣❧❛♥❡ ♣❡r♠❡❛❜✐❧✐t②✳
❆♥ ✐♥❝r❡❛s❡ ♦❢ ♣❡r♠❡❛❜✐❧✐t② ♠✐❣❤t ❝♦♠❡ ❢r♦♠ t❤❡ ❞✐ss♦❧✉t✐♦♥ ♦❢ s❡❛❧❡❞ ❞✐s✲
❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ t②♣❡ ♣r❡✈✐♦✉s❧② ❝♦♥s✐❞❡r❡❞ ✭❈✶✹✮✱ ♦r ❡✈❡♥ ❢r♦♠ s✐♠♣❧❡
✇❛s❤✐♥❣ ♦❢ ❧❡ss ❝♦♥s♦❧✐❞❛t❡❞ ❝❧❛② ✜❧❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✭❧✐❦❡ ❋✻ ❞✐s❝♦♥t✐♥✉✐t②✱
st✉❞✐❡❞ ✐♥ ♣❛♣❡r ✶✮✱ ✇❤✐❝❤ ❛❧s♦ ❡①✐st ❛❧♦♥❣ t❤❡ ❞r✐❧❧✳ ❚❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡
♣❡r♠❡❛❜✐❧✐t② r❡q✉✐r❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ♦♣❡♥ ❛♥❞ s❡❛❧❡❞ ❞✐s✲
❝♦♥t✐♥✉✐t✐❡s ❛❧♦♥❣ t❤❡ ❝♦r❡✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ♦r✐❡♥t❛t✐♦♥✳ ❚❤❡ ♠♦r♣❤♦❧♦❣② ♦❢
t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛❧s♦ ❣r❡❛t❧② ✐♥✢✉❡♥❝❡s t❤❡ ♣❡r♠❡❛❜✐❧✐t②✱ ❛s ✇❛s s❤♦✇♥✱
❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❤②❞r❛✉❧✐❝ ✢♦✇✱ ♣❡r❢♦r♠❡❞
♦♥ s②♥t❤❡t✐❝ ❛♣❡rt✉r❡s ✭❡✳❣✳ ❉r❛③❡r ❛♥❞ ❑♦♣❧✐❦ ✭✷✵✵✷✮❀ ❆❧✲❨❛❛r✉❜✐ ❡t ❛❧✳
✭✷✵✵✺✮❀ ❩✐♠♠❡r♠❛♥ ❛♥❞ ❇♦❞✈❛rss♦♥ ✭✶✾✾✻✮❀ ❇r♦✇♥ ✭✶✾✽✼✮❀ ❆✉r❛❞♦✉ ❡t ❛❧✳
✭✷✵✵✺✮❀ ▼é❤❡✉st ❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✶✱ ✷✵✵✸✮✮✳ ❆♠♦♥❣ t❤❡ ♥✉♠❡r✐❝❛❧❧②
❡①♣❧♦r❡❞ ❛♣❡rt✉r❡ ♠♦❞❡❧s✱ ✐s♦tr♦♣✐❝ r♦✉❣❤ ❛♣❡rt✉r❡s s❤♦✇✐♥❣ s❡❧❢✲❛✣♥✐t② ❛t
❛♥② s❝❛❧❡✱ ♦r ❛t ❧✐♠✐t❡❞ s❝❛❧❡ ✭❡✳❣✳ ❇r♦✇♥ ✭✶✾✽✼✮❀ ❩✐♠♠❡r♠❛♥ ❛♥❞ ❇♦❞✈❛rs✲
s♦♥ ✭✶✾✾✻✮❀ ▼é❤❡✉st ❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✶✱ ✷✵✵✸✮❀ ◆❡✉✈✐❧❧❡ ❡t ❛❧✳ ✭✷✵✵✾❛✱
✷✵✶✵✮✮✱ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❛r❡❞✱ ✐♥ t❡r♠ ♦❢ ♣❡r♠❡❛❜✐❧✐t②✱ t♦ ❛♣❡rt✉r❡s ✇✐t❤ ✢❛t
s✐❞❡s✳ ❚❤♦s❡ s✐♠✉❧❛t✐♦♥s✱ ✉s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣❡r♠❛♥❡♥t ❛♥❞
❧❛♠✐♥❛r r❡❣✐♠❡s✱ ✉♥❞❡r t❤❡ ❧✉❜r✐❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❡✳❣✳ ❩✐♠♠❡r♠❛♥ ❛♥❞
✶✼
❇♦❞✈❛rss♦♥ ✭✶✾✾✻✮✮✱ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ✐❢ σ/A ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✭✇❤❡r❡ σ ✐s t❤❡
r♦♦t ♠❡❛♥ sq✉❛r❡ ♦❢ t❤❡ ❛♣❡rt✉r❡ ✜❡❧❞✮✱ t❤❡ ❝✉❜✐❝ ❧❛✇ ✭❡✳❣✳ ❩✐♠♠❡r♠❛♥ ❛♥❞
▼❛✐♥ ✭✷✵✵✹✮✮
k =
NA3
12
✭✷✮
✐s ✈❛❧✐❞✱ ✇❤❡r❡ N ✐s t❤❡ ❞❡♥s✐t② ♦❢ ✐s♦tr♦♣✐❝ ❢r❛❝t✉r❡s ✭♥✉♠❜❡r ♦❢ ❢r❛❝t✉r❡s
♣❡r ❧❡♥❣t❤ ✉♥✐t✮✱ ♦❢ s❛♠❡ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ♠❡❛♥ ❛♣❡rt✉r❡ A✳ ❚❤❡ st✉❞② ♦❢
t❤❡ ❛♣❡rt✉r❡ ♠♦r♣❤♦❧♦❣② ♦❢ t❤❡ ♦♣❡♥ ❛♥❞ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❝❛♥ t❤❡r❡❢♦r❡
❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❛t ❝✉❜✐❝ ❧❛✇ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❉r❛✐①✳ ■t ✐s ✜rst
♥❡❡❞❡❞ t♦ ❡①tr❛♣♦❧❛t❡✱ t♦ t❤❡ s❝❛❧❡ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❜s❡r✈❡❞ ❛t t❤❡ s❛♠♣❧❡ s❝❛❧❡✳ ❙✐♥❝❡ t❤❡ ❞❡t❡r♠✐♥❡❞ ❛♣❡rt✉r❡ ❝♦rr❡❧❛t✐♦♥s ❛r❡
❛❧♠♦st ✐s♦tr♦♣✐❝✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❡r♠❡❛❜✐❧✐t② ✐s ✐s♦tr♦♣✐❝ ❛❧♦♥❣ t❤❡ ❞✐s❝♦♥✲
t✐♥✉✐t② ♠❡❛♥ ♣❧❛♥❡✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♠♦st ♦❜s❡r✈❡❞ ❢r❛❝t✉r❡s ❞✐s♣❧❛② q✉✐t❡
s✐♠✐❧❛r ❞✐r❡❝t✐♦♥s✱ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧ t♦ t❤❡s❡ ❢r❛❝t✉r❡s
✇♦✉❧❞ r❛t❤❡r ❜❡ t❤❡ ♦♥❡ ♦❢ t❤❡ ❜✉❧❦ ♠❛r❧✳
❍②❞r❛✉❧✐❝ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❋✾ ✐s ❛ss✉♠❡❞ t♦
❤❛✈❡ ❛♥ ❛♣❡rt✉r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛❧❧ t❤❡ ♦♣❡♥ ❢r❛❝t✉r❡s ✐♥ t❤❡ ❢♦r♠❛t✐♦♥✳ ■t
✇❛s s❤♦✇♥ t❤❛t t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡ ✐s ❛❜♦✉t AF9 = 2.3 ♠♠✱ ✇✐t❤ ✈❡r② ❧✐tt❧❡
✈❛r✐❛t✐♦♥s ❛r♦✉♥❞ t❤❛t ♠❡❛♥ ✭❋✐❣s✳ ✹ ❛♥❞ ✽✮✿ σF9/AF9 < 0.04✳ ❚❤❡ ❛♣❡rt✉r❡
✇❛s ❛❧s♦ s❤♦✇♥ t♦ ❢♦❧❧♦✇ ❛ s❡❧❢✲❛✣♥❡ ❧❛✇ ❛t ✈❡r② s♠❛❧❧ s❝❛❧❡s ✭❧❡ss t❤❛♥ 1 ❝♠✮✱
❛♥❞ t♦ ❜❡ st❛t✐st✐❝❛❧❧② ✐♥✈❛r✐❛♥t ❛t ❧❛r❣❡r s❝❛❧❡s✳ ■t ❛❧s♦ ♠❡❛♥s t❤❛t ♠♦st ❝♦♥✲
tr✐❜✉t✐♦♥ ♦♥ t❤❡ r♦✉❣❤♥❡ss ❝♦♠❡s ❢r♦♠ t❤❡ s❤♦rt s❝❛❧❡s ♦❢ t❤❡ ♠♦r♣❤♦❧♦❣②✳
▼é❤❡✉st ❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✸✮ s❤♦✇❡❞ t❤❛t t❤❡ ❤②❞r❛✉❧✐❝ ❜❡❤❛✈✐♦r✱ ✉♥❞❡r
❧✉❜r✐❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❢♦r ❢r❛❝t✉r❡ ❛♣❡rt✉r❡s ✇✐t❤ s✉❝❤ s❝❛❧✐♥❣ ❝❤❛r❛❝✲
t❡r✐st✐❝s ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s♠❛❧❧ s❝❛❧❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❋✾ ❝❛♥
❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ♦✈❡r ♥✉♠❡r♦✉s s❡❧❢✲❛✣♥❡
❛♣❡rt✉r❡s ✭◆❡✉✈✐❧❧❡ ❡t ❛❧✳✱ ✷✵✶✵✮✱ s❤♦✇✐♥❣ σ/A < 0.04✿ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡
❤②❞r❛✉❧✐❝ ❜❡❤❛✈✐♦r ❝♦♠♣✉t❡❞ ❢♦r ❛ ❢r❛❝t✉r❡ ✇✐t❤ s✉❝❤ ❛ s♠❛❧❧ σ/A r❛t✐♦ ❝❛♥
❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❛t ♦❢ ❛ ♣❛r❛❧❧❡❧ ♣❧❛t❡ ♠♦❞❡❧ ✇✐t❤ ❛♣❡rt✉r❡ A✱ ✇✐t❤ ❛
♣r❡❝✐s✐♦♥ ❜❡tt❡r t❤❛♥ ✾✾✪ ♦♥ t❤❡ ❤②❞r❛✉❧✐❝ ❛♣❡rt✉r❡✳
❈♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✈✐s✐❜❧❡ ❛❧♦♥❣ t❤❡ ❝♦r❡ ❢♦r
❢r❛❝t✉r❡❞ ✉♥✐t ✷✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐t ✇❤❡r❡ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛r❡ ♥✉♠❡r♦✉s✱
✇❡ ❣❡t ❛♣♣r♦①✐♠❛t❡❧② ❢♦✉r ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦✈❡r ❢♦✉r ♠❡t❡rs✱ ✐✳❡✳ No ≃ 1 ♦♣❡♥
❞✐s❝♦♥t✐♥✉✐t② ♣❡r ♠❡t❡r✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ✐s t❤✉s ♦❢ ♦r❞❡r
k = 10−9♠2 ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✉r❡❞ ❜❡❞r♦❝❦✳ ❚❤❛t ♠❡❛♥s t❤❛t
✉♥✐t ✷ ✐s ❤✐❣❤❧② ♣❡r♠❡❛❜❧❡✳ ❆♣❡rt✉r❡s ♦❢ s♦♠❡ ♦❢ t❤❡ ♦♣❡♥ ❢r❛❝t✉r❡ ♠✐❣❤t
❤♦✇❡✈❡r ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ 2.3 ♠♠✱ ✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥✱ ✇❤✐❝❤
♠✐❣❤t r❡s✉❧t ✐♥t♦ ❛ ❞✐✛❡r❡♥t ♣❡r♠❡❛❜✐❧✐t②✳
P♦t❡♥t✐❛❧ ❤②❞r❛✉❧✐❝ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛♥❞ ♦❢
❞✐s❝♦♥t✐♥✉✐t✐❡s ❝♦♥t❛✐♥✐♥❣ ❞❡❜r✐s ❛♥❞ ❝❧❛②✳ ❯s✐♥❣ ❝❛❧❝✐t❡ ✈❡✐♥ ❈✶✹✱
✶✽
t❤❡ ❤②❞r❛✉❧✐❝ ♣❡r♠❡❛❜✐❧✐t② ✐♥❝r❡❛s❡ ✐❢ s✉❝❤ ❝❛❧❝✐t❡ ✈❡✐♥s ✇❡r❡ ❞✐ss♦❧✈❡❞ ❝❛♥
❜❡ ❡st✐♠❛t❡❞✳ ■♥ s✉❜s❡❝t✐♦♥ ✸✳✷ ✐t ✇❛s ♦❜s❡r✈❡❞ t❤❛t ❈✶✹ ❝❛❧❝✐t❡ t❤✐❝❦♥❡ss
✭✐✳❡✳ t❤❡ ♣♦t❡♥t✐❛❧ ❞✐s❝♦♥t✐♥✉✐t② ❛♣❡rt✉r❡✮ ❢♦❧❧♦✇s ❛ s❡❧❢✲❛✣♥❡ ❧❛✇ ✇✐t❤ ❍✉rst
❡①♣♦♥❡♥t ♦❢ ❛❜♦✉t 0.8✱ ❛t ❧❡❛st ✉♣ t♦ s❝❛❧❡s ♦❢ ♦r❞❡r 25 ♠♠✱ ✇✐t❤ ❛ ♣r❡❢❛❝t♦r
❣✐✈❡♥ ❜② C2 (∆0) ≃ 0.3 ♠♠✳ ❆s t❤❡ ❈✶✹ s❛♠♣❧❡ s✐③❡ ✐s ♦♥❧② ❛❜♦✉t 6×7 ❝♠2✱
t❤❡ C2 ❝♦✉❧❞ ♥♦t ❜❡ ❝♦♠♣✉t❡❞ ♦✈❡r ❛❜♦✉t ❤❛❧❢ s✐③❡ ♦❢ t❤❡ s❛♠♣❧❡✱ ✐✳❡✳ ❛❜♦✉t
3 ❝♠✳ ❆s s❤♦✇♥ ❜② st✉❞✐❡s ❛❜♦✉t t❤❡ ♠♦r♣❤♦❧♦❣② ♦❢ ♥❛t✉r❛❧ ❢r❛❝t✉r❡s✱ ✐t ✐s
❦♥♦✇♥✱ t❤❛t ❛t ❧❛r❣❡ s❝❛❧❡s✱ t❤❡ ❛♣❡rt✉r❡ t❡♥❞s t♦ ❜❡ st❛t✐st✐❝❛❧❧② ✐♥✈❛r✐❛♥t
✭❡✳❣✳ P❧♦✉r❛❜♦✉é ❡t ❛❧✳ ✭✶✾✾✺✮❀ ■s❛❦♦✈ ❡t ❛❧✳ ✭✷✵✵✶✮✮✱ s❤♦✇✐♥❣ ❛ ❝♦♥st❛♥t
❛✉t♦❝♦rr❡❧❛t✐♦♥ ✈❛❧✉❡ C2 (∆l)✳ C2 (∆l) s❤♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ r♦♦t ♠❡❛♥
sq✉❛r❡ ♦❢ t❤❡ ❛♣❡rt✉r❡✱ ✇❤✐❝❤ ✐s st❛t✐st✐❝❛❧❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ❛♣❡rt✉r❡
✭♦t❤❡r✇✐s❡✱ t❤❡ ❛♣❡rt✉r❡ ✜❡❧❞ ✇♦✉❧❞ ❡①❤✐❜✐t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✮✳ ❆ss✉♠✐♥❣ t❤❛t
t❤❡ ♠❡❛♥ ❛♣❡rt✉r❡ ♦❜s❡r✈❡❞ ❛t t❤❡ s❛♠♣❧❡ s❝❛❧❡ ✭♦❢ ♦r❞❡r ✶ ❝♠✮ ✐s t❤❡ s❛♠❡
❛t ❧❛r❣❡r s❝❛❧❡✱ ✐t ♠❡❛♥s t❤❛t t❤❡ s❝❛❧✐♥❣ ❧❛✇ ✐s ❛t ♠♦st ✈❛❧✐❞ ✉♥t✐❧ C2 (∆l) =
1 ❝♠✳ ❚❤✉s t❤❡ r❡❧❛t✐♦♥s❤✐♣ log10 [C2 (∆l)/∆0] = −0.5 + 0.8 log10 [∆l/∆0]
♣r♦✈✐❞❡s∆l = 75 ♠♠ ✭s❡❡ ❛❜s❝✐ss❛ ♦❢ ♣♦✐♥t ❙ ✐♥ ❋✐❣✳ ✶✸✮✳ ❆t s❝❛❧❡s ❧❛r❣❡r t❤❛♥
t❤✐s ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤✱ ∆l = 75 ♠♠✱ C2 (∆) s❤♦✉❧❞ ❜❡ ❡ss❡♥t✐❛❧❧② ❝♦♥st❛♥t✳
❋✐❣✉r❡ ✶✸✿ P❧♦t ♦❢ log10 [C2 (∆)/∆0] ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ log10 [∆/∆0] ❢♦r θ ❡q✉❛❧
t♦ −35➦ ✭❆✮✱ 55➦ ✭❇✮ ❢♦r t❤❡ ❛♣❡rt✉r❡ ❈✶✹✳ P❧♦t ❈ s❤♦✇s t❤❡ ❞❡❞✉❝❡❞ ❣❡✲
♦♠❡tr✐❝❛❧ ♠♦❞❡❧ ❛♣♣❧✐❡❞ ❛t s♠❛❧❧ ❛♥❞ ❧❛r❣❡ s❝❛❧❡s✳ P♦✐♥t ❙ ✐s t❤❡ ✐♥t❡rs❡❝✲
t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❝❛❧✐♥❣ ❧❛✇ log10 [C2 (∆)/∆0] = −0.5+0.8 log10 [∆/∆0] ❛♥❞
C2 (∆) = A = 1 ❝♠✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❝❛♥♥♦t
❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ A✱ t❤❡ s❡❧❢✲❛✣♥❡ ❧❛✇ ✐s ❝♦♥s✐❞❡r❡❞ t♦ s❤♦✇ ❛ ❝✉t✲
♦✛ ❛t s❝❛❧❡s ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❧❡♥❣t❤ ∆l = 75 ♠♠✱ ✇❤✐❝❤ ✐s t❤❡
❛❜s❝✐ss❛ ♦❢ ❙✳ ❬❙■ P❇ ❉❊ P▲❆❈❊✱ ▲❊ ▼❖❉❊▲❊ P❊❯❚ ❊❚❘❊ P▲❆❈❊ ❙❯❘
▲❆ ❋■●❯❘❊ ✶✶❪
❚❤❡ ❤②❞r❛✉❧✐❝ ❜❡❤❛✈✐♦r ✐s ❞❡t❡r♠✐♥❡❞ ❢♦r ❛ s❡❧❢✲❛✣♥❡ ✈❛r✐❛❜❧❡ ❢r❛❝t✉r❡
✭✐✳❡✳✱ ❢♦r s❝❛❧❡s s♠❛❧❧❡r t❤❛♥ 75 ♠♠✮✱ ✉s✐♥❣ t❤❡ ❘❡②♥♦❧❞s ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣❡r✲
✶✾
♠❛♥❡♥t ❛♥❞ ❧❛♠✐♥❛r r❡❣✐♠❡✱ ✇✐t❤ t❤❡ ❧✉❜r✐❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❡✳❣✳ ❩✐♠✲
♠❡r♠❛♥ ❛♥❞ ❇♦❞✈❛rss♦♥ ✭✶✾✾✻✮✮✱ s♦❧✈❡❞ ✇✐t❤ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ✭❡✳❣✳ ▼é❤❡✉st
❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✵✱ ✷✵✵✸✮❀ ❙❝❤♠✐tt❜✉❤❧ ❡t ❛❧✳ ✭✷✵✵✽✮❀ ◆❡✉✈✐❧❧❡ ❡t ❛❧✳
✭✷✵✵✾❛✱ ✷✵✶✵✮✮✳ ❆s ♥♦ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡ ❢r❛❝t✉r❡ ❛♣❡rt✉r❡ ❛r❡ ❡①♣❡❝t❡❞
❛❜♦✈❡ ❛ s❝❛❧❡ ♦❢ 75 ♠♠✱ t❤❡ ❤②❞r❛✉❧✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢r❛❝t✉r❡ ❛t t❤❡ ❢♦r✲
♠❛t✐♦♥ s❝❛❧❡ ✐s ❧✐❦❡❧② t♦ ❜❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢ ❛ s❡❧❢✲❛✣♥❡ ❢r❛❝t✉r❡ ♦❢ s✐③❡
75× 75 ♠♠2 ✭❧❡♥❣t❤ ♦✈❡r ✇✐❞t❤✮✳ ❋✐❣✉r❡ ✶✹ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ✭✐✮ ❛ s②♥✲
t❤❡t✐❝ ❛♣❡rt✉r❡ ✜❡❧❞ ♦❢ s✐③❡ 75 × 75 ♠♠2 ✇✐t❤ ζ = 0.8 ❛♥❞ ♠❡❛♥ ❛♣❡rt✉r❡
A = ✶ ❝♠ ❛♥❞ ✭✐✐✮ ❛♥ ❡①tr❛❝t ♦❢ t❤❡ ❛♣❡rt✉r❡ ❈✶✹✱ ♦❢ s✐③❡ 52 ♠♠ × 58 ♠♠
✇✐t❤ ζ = 0.8 ❛♥❞ σ/A = 0.3✳ ❋♦r t❤❡ s②♥t❤❡t✐❝ ❝❛s❡✱ t❤❡ r♦♦t✲♠❡❛♥ sq✉❛r❡
❛♣❡rt✉r❡ ✈❛r✐❛t✐♦♥✱ σ✱ ✐s ✜①❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♣❡r♠✐tt✐♥❣
t♦ ❛✈♦✐❞ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ❢r❛❝t✉r❡ s✐❞❡s ✭✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤✐s ❝❛s❡ ✐♥
σ ≃ 0.46A✮✳
❋✐❣✉r❡ ✶✺ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤②❞r❛✉❧✐❝ ✢♦✇✱ q ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❞❡✲
✜♥❡❞ ❛s t❤❡ ♥♦r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❤②❞r❛✉❧✐❝ ✢✉①✳ ■t ✐s s❤♦✇♥ ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss
✉♥✐ts✱ ❜❡✐♥❣ ♥♦r♠❛❧✐③❡❞ ❜② 12ηlx/∆P ✱ ✇❤❡r❡ lx = 75 ♠♠ ✐s t❤❡ ❢r❛❝t✉r❡
❧❡♥❣t❤✱ η ✐s t❤❡ ❞②♥❛♠✐❝ ✈✐s❝♦s✐t②✱ ❛♥❞ ∆P ✐s t❤❡ ♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ✐♠♣♦s❡❞
❜❡t✇❡❡♥ t❤❡ ✐♥❧❡t ❛♥❞ t❤❡ ♦✉t❧❡t ♦❢ t❤❡ ❢r❛❝t✉r❡✳ ❉✉❡ t♦ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜✐❧✲
✐t② ♦❢ t❤❡ ❛♣❡rt✉r❡✱ t❤❡ ❤②❞r❛✉❧✐❝ ✢♦✇ ✐s ❛❧s♦ ✈❛r✐❛❜❧❡ ✐♥ s♣❛❝❡✳ ❋♦r t❤♦s❡
❡①❛♠♣❧❡s✱ t❤❡ ❛✈❡r❛❣❡ ❤②❞r❛✉❧✐❝ ❛♣❡rt✉r❡✱ ❞❡✜♥❡❞ ❜② H =<−q · 12η lx
∆P
>1/3✱
✐s ❢♦r ❝❛s❡ ✭✐✮ H = 0.7 ❝♠✱ ❛♥❞ ❢♦r ❝❛s❡ ✭✐✐✮ H = 0.9 ❝♠✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t t❤♦s❡ ❢r❛❝t✉r❡s ❛r❡ ❧❡ss ♣❡r♠❡❛❜❧❡ t❤❛♥ ♣❛r❛❧❧❡❧ ♣❧❛t❡s s❡♣❛r❛t❡❞ ❜② ❛
❝♦♥st❛♥t ❛♣❡rt✉r❡ A = 1 ❝♠✳ ❋r♦♠ st✉❞✐❡s ♣r❡✈✐♦✉s❧② ♠❛❞❡ ♦♥ ♥✉♠❡r♦✉s
s❡❧❢✲❛✣♥❡ ❢r❛❝t✉r❡s ✭❡✳❣✳ ❇r♦✇♥ ✭✶✾✽✼✮❀ ▼é❤❡✉st ❛♥❞ ❙❝❤♠✐tt❜✉❤❧ ✭✷✵✵✶✮❀
◆❡✉✈✐❧❧❡ ❡t ❛❧✳ ✭✷✵✶✵✮✮✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❤②❞r❛✉❧✐❝ ❛♣❡rt✉r❡ ❢♦r ❛ ❢r❛❝t✉r❡
✇✐t❤ σ/A > 0.45 ❛♥❞ A = 1 ❝♠ ✐s ❧✐❦❡❧② t♦ ❜❡ H ≃ 0.9 ❝♠ ✉♥❞❡r ❧✉❜r✐✲
❝❛t✐♦♥ ❤②♣♦t❤❡s✐s✳ ❈♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✈✐s✐❜❧❡ ♦♥
t❤❡ ❝♦r❡ ❢♦r ❢r❛❝t✉r❡❞ ✉♥✐t ✶✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐t ✇❤❡r❡ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s
❛r❡ ♥✉♠❡r♦✉s✱ ✇❡ ❣❡t ❛♣♣r♦①✐♠❛t❡❧② ✜✈❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦✈❡r ✜✈❡ ♠❡t❡rs✱ ✐✳❡✳
❛ ❞❡♥s✐t② Nmaxs ≃ 1 s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t② ♣❡r ♠❡t❡r✳ ❍♦✇❡✈❡r ✐t ✐s ♥♦t s✉r❡
t❤❛t ❛❧❧ t❤❡ ❢r❛❝t✉r❡s ✇✐❧❧ ❜❡ r❡✲♦♣❡♥ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ■❢ ♦♥❧② ♦♥❡ s✉❝❤
❢r❛❝t✉r❡ r❡✲♦♣❡♥ ❛❧♦♥❣ t❤❡ ❝♦r❡ ✐♥ ✉♥✐t ✶✱ t❤❡♥ N1s = 0.2 s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t②
♣❡r ♠❡t❡r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s k = 10−8♠2 ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✉r❡❞ ♠❛r❧✳
❚❤✐s ✈❛❧✉❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ ❤❡ ♦♣❡♥ ❢r❛❝t✉r❡
✭k = 10−9✮✳ ❆s s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s s❤♦✇ ❛ ♠✉❧t✐♣❧❡ ❧❛②❡r str✉❝t✉r❡ ✭s❡❡
s❡❝t✐♦♥ ✸ ✐♥ ♣❛♣❡r ✶✮✱ ♦♥❡ ❝♦✉❧❞ ❛❧s♦ ❝♦♥❝❡✐✈❡ t❤❛t ♦♥❧② ♣❛rt ♦❢ t❤❡ ❧❛②❡rs
✇♦✉❧❞ ❜❡ ❞✐ss♦❧✈❡s✱ ♣r♦✈✐❞✐♥❣ t❤✐♥♥❡r ❛♣❡rt✉r❡✳
✷✵
❋✐❣✉r❡ ✶✹✿ ❙q✉❛r❡ ♠❛♣ ♦❢ ✭✐✮ ❛ s②♥t❤❡t✐❝ ❛♣❡rt✉r❡ ✜❡❧❞ ✇✐t❤ ζ = 0.8✱ σ =
0.46 ❝♠✱ ❛♥❞ A = 1 ❝♠ ❛♥❞ ✭✐✐✮ ❛♥ ❡①tr❛❝t ♦❢ t❤❡ ❛♣❡rt✉r❡ ✜❡❧❞ ❈✶✹✱ ✇✐t❤
ζ = 0.8✱ σ/A = 0.3✳ ❚❤❡ ♣❧❛♥❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ✐♥ ♠♠ ❛♥❞ t❤❡ ❛♣❡rt✉r❡ ✜❡❧❞
✐s s❤♦✇♥ ✐♥ ❝♠✳ ❉❛r❦ ❛r❡❛s ❝♦rr❡s♣♦♥❞ t♦ t❤✐♥♥❡r ❛♣❡rt✉r❡s ✇❤✐❧❡ ❧✐❣❤t ❛r❡❛s
❝♦rr❡s♣♦♥❞ t♦ ❧❛r❣❡r ❛♣❡rt✉r❡s✳
❋✐❣✉r❡ ✶✺✿ ▼❛♣ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ❤②❞r❛✉❧✐❝ ✢♦✇ ❝♦♠♣✉t❡❞✱ ❢r♦♠ ✭✐✮ t❤❡
s②♥t❤❡t✐❝ ❛♣❡rt✉r❡ ✜❡❧❞ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✹✱ ❛♥❞ ✭✐✐✮ t❤❡ r❡❛❧ ✜❡❧❞ s❤♦✇♥ ✐♥
❋✐❣✳ ✶✹✳ ❚❤❡ ♣❧❛♥❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ✐♥ ♠♠ ❛♥❞ t❤❡ ❤②❞r❛✉❧✐❝ ✢♦✇ ✜❡❧❞ ✐♥
❛r❜✐tr❛r② ✉♥✐ts ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t✮✳ ❚❤❡ ❛✈❡r❛❣❡ ❤②❞r❛✉❧✐❝
❛♣❡rt✉r❡ ♦❢ t❤❡s❡ ✜❡❧❞s ❛r❡ ✭✐✮ H = 0.68 ❝♠ ❛♥❞ ✭✐✐✮ H = 0.9 ❝♠✳ ❉❛r❦
❛r❡❛s ❝♦rr❡s♣♦♥❞ t♦ q✉❛s✐✲st❛t✐❝ ✢✉✐❞ ✇❤✐❧❡ ❧✐❣❤t ❛r❡❛s ❝♦rr❡s♣♦♥❞ t♦ ❧❛r❣❡r
❤②❞r❛✉❧✐❝ ✢♦✇✳
✷✶
✺ ❈♦♥❝❧✉s✐♦♥
❚✇♦ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ❛♣❡rt✉r❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❤❛✈❡ ❜❡❡♥
❞❡✈❡❧♦♣❡❞✳ ❚❤❡ ✜rst ♦♥❡✱ ❛❞❛♣t❡❞ t♦ ❢✉❧❧② ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛t t❤❡ s❝❛❧❡ ♦❢
t❤❡ ❝♦r❡ ❧♦❣✱ ✐s ❜❛s❡❞ ♦♥ ❝♦rr❡❧❛t✐♥❣ t❤❡ ❞❡t❛✐❧❡❞ ♠♦r♣❤♦❧♦❣② ♦❢ t❤❡✐r s✐❞❡s✳
❯s✐♥❣ t❤✐s ♠❡t❤♦❞✱ t❤❡ ❛♣❡rt✉r❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❧♦❝❛t❡❞
✐♥ t❤❡ ♠❛r❧ ❜❡❞r♦❝❦ ♦❢ ❉r❛✐① ❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ✐♥✈❛r✐❛♥❝❡
♣r♦♣❡rt✐❡s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛❞❛♣t❡❞ t♦ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s✳ ❚❤❡ t❤✐❝❦✲
♥❡ss ♦❢ ❛ s✉❝❤ ♦♥❡ ❞✐s❝♦♥t✐♥✉✐t② ✇❛s ❛❧s♦ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ♠❡❛s✉r❡♠❡♥ts ♦❢
t❤❡ s✉r❢❛❝❡ ❡❧❡✈❛t✐♦♥s ✇✐t❤ ❛ ❧❛s❡r ♣r♦✜❧❡r✳ ❚❤❡ r❡❧❛t✐✈❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥✐♥❣ ♦❢
t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ❡❧❡✈❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇❛s ♥❡❝❡ss❛r② ❢♦r r❡❝♦♥str✉❝t✐♥❣
t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✈❡✐♥✱ ❛♥❞ ✇❛s ❡♥s✉r❡❞ ❜② ❞♦❝❦✐♥❣ t❤❡ r♦❝❦ s❛♠♣❧❡ ✐♥t♦ ❛
r✐❣✐❞ ❢r❛♠❡ ✇✐t❤ ❛ ❦♥♦✇♥ ❣❡♦♠❡tr②✳ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
r♦✉❣❤♥❡ss ❛♥❞ t❤❡ ♠❡❛♥ ❛♣❡rt✉r❡ ✇❛s ❢♦✉♥❞ t♦ ❜❡ ✈❡r② s♠❛❧❧ ❢♦r t❤❡ ♦♣❡♥
❞✐s❝♦♥t✐♥✉✐t②✱ ❝♦♥tr❛r② t♦ ✇❤❛t ✇❛s ♦❜t❛✐♥❡❞ ❢♦r❡ t❤❡ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t②✳
❚❤❡ s❝❛❧✐♥❣ ❧❛✇s ♦❢ t❤❡ ❛♣❡rt✉r❡ ❛♥❞ t❤✐❝❦♥❡ss ♦❢ r❡s♣❡❝t✐✈❡❧② t❤❡ ♦♣❡♥ ❛♥❞
s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✇❡r❡ ❛❧s♦ ♦❜t❛✐♥❡❞✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✈❡✐♥ ✐s s❡❧❢✲
❛✣♥❡✱ ✇✐t❤ s✐♠✐❧❛r ❍✉rst ❛♥❞ ♣r❡❢❛❝t♦r ✈❛❧✉❡s ❛s t❤❡ ♦♥❡s ♦❢ ✐ts s✐❞❡s✳ ❖♥
t❤❡ ❝♦♥tr❛r②✱ t❤❡ ♦♣❡♥ ❞✐s❝♦♥t✐♥✉✐t② ♣r❡s❡♥ts t✇♦ ♥♦♥ ✐♥❞❡♣❡♥❞❡♥t s❡❧❢✲❛✣♥❡
s✉r❢❛❝❡s✱ ❧❡❛❞✐♥❣ t♦ ❛♥ ❛♣❡rt✉r❡ ✇❤✐❝❤ ✐s ♦♥❧② s❡❧❢✲❛✣♥❡ ❛t ✈❡r② s♠❛❧❧ s❝❛❧❡s
❛♥❞ ✉♥❝♦rr❡❧❛t❡❞ ❛t ❧❛r❣❡r s❝❛❧❡s✳ ❋r♦♠ t❤❡s❡ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ♠❛❝r♦✲
s❝♦♣✐❝ ❤②❞r❛✉❧✐❝ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ♦❢ ♦♣❡♥ ❛♥❞ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❝♦✉❧❞
❜❡ ❛ss❡ss❡❞ ✉s✐♥❣✱ ✐♥ t❤❡ ✜rst ❝❛s❡✱ ❛ s✐♠♣❧❡ ♣❧❛♥❛r ❢r❛❝t✉r❡ ♠♦❞❡❧✱ ❛♥❞✱ ✐♥
t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✜♥✐t❡ ❡❧❡♠❡♥t s✐♠✉❧❛t✐♦♥s ❢♦r s❡❧❢✲❛✣♥❡ ❛♣❡rt✉r❡s✳ ❚❤✐s ❛❧✲
❧♦✇❡❞ ✉s t♦ ❝♦♠❡ t♦ ❛♥ ❡st✐♠❛t❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♣❡r♠❡❛❜✐❧✐t② ✈❛❧✉❡s ❢♦r t❤❡s❡
s❡ts ♦❢ ❞✐s❝♦♥t✐♥✉✐t✐❡s✿ k = 10−9 ♠2 ❢♦r t❤❡ ♦♣❡♥❡❞ ♦♥❡s✱ ❛♥❞ ♣♦t❡♥t✐❛❧❧②
k = 10−8 ♠2 ❢♦r t❤❡ ♦♥❡s ❝✉rr❡♥t❧② s❡❛❧❡❞✱ ✐♥ ❝❛s❡ t❤❡ ♠❛t❡r✐❛❧ ✐♥s✐❞❡ ✇♦✉❧❞
❞✐ss♦❧✈❡❞ ♦r ✇❛s❤❡❞ ❛✇❛②✳ ■t ♠❡❛♥s t❤❛t t❤❡ ❢r❛❝t✉r❡❞ ♠❛r❧ ✐s ♣♦t❡♥t✐❛❧❧②
❤✐❣❤❧② ♣❡r♠❡❛❜❧❡✳
❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❏♦sé ❖rt❡❣❛ ❢♦r ❤✐s ❤❡❧♣ ❢♦r t❤❡ ❣❡♦❧♦❣✐❝❛❧
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦r❡✳ ❲❡ ❛❧s♦ t❤❛♥❦ ❏❡❛♥✲P❤✐❧❧✐♣❡ ▼❛❧❡t ❛♥❞ ❆❧❡①❛♥❞r❡
❘❡♠❛îtr❡ ❢♦r ✉s❡❢✉❧ ✐♥❞✐❝❛t✐♦♥s ❛❜♦✉t ❉r❛✐① ✜❡❧❞ ♦❜s❡r✈❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s
●ré❣♦r② ❇✐è✈r❡ ❢♦r ❤❡❧♣❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❙❈✶ ❞r✐❧❧✐♥❣✳
✻ ❆♣♣❡♥❞✐①✿ ❊①♣❡r✐♠❡♥t❛❧ ♣r♦t♦❝♦❧ t♦ ❝❤❛♥❣❡
❢r❛♠❡s ✇❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡ ❛♣❡rt✉r❡ ✉s✐♥❣
t❤❡ t♦♣♦❣r❛♣❤② ♦❢ ❛ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t②
❚❤✐s ✐s ❛♥ ❛♣♣❡♥❞✐① t♦ s❡❝t✐♦♥ ✷✳✷✱ ✇❤❡r❡ ✐t ✐s ❡①♣❧❛✐♥❡❞ ❤♦✇ t♦ r❡❝♦♥str✉❝t
t❤❡ ❛♣❡rt✉r❡ ♦❢ ❛ s❡❛❧❡❞ ❞✐s❝♦♥t✐♥✉✐t② ❢r♦♠ t♦♣♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥t ♦❢ ✐ts
s✉r❢❛❝❡s✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ✐❢ ❜♦t❤ t♦♣♦❣r❛♣❤② ♠❡❛s✉r❡♠❡♥ts s❤❛r❡ ❛ ❝♦♠♠♦♥
✷✷
r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ✇❤✐❝❤ ♠❛② ❜❡ ❛❞❡q✉❛t❡❧② ❞♦♥❡ ❜② ✇❡❞❣✐♥❣ t❤❡ ✈❡✐♥ ✐♥t♦ ❛
r✐❣✐❞ ❜♦① ♦❢ ❦♥♦✇♥ ❣❡♦♠❡tr②✳ ■❢ t❤❡ ❜♦① ✐s ❛ tr✉❧② r❡❝t❛♥❣✉❧❛r ♣❛r❛❧❧❡❧❡♣✐♣❡❞
❜♦① ❣r❡❛t❧② ❡❛s❡s t❤❡ ♣r♦❝❡❞✉r❡✱ t❤❛t ✐s ✇❡ ✇✐❧❧ ❞❡t❛✐❧❡❞ ❤❡r❡✳ ❋✐rst✱ t❤❡
t♦♣♦❣r❛♣❤② ♦❢ ♦♥❡ s✉r❢❛❝❡ ✭❝❛❧❧❡❞ t♦♣✱ s❛②✮ ✐s ❞❡t❡r♠✐♥❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡
❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❜♦① ✭A1 B1 C1 D1✱ ❋✐❣✳ ✶✻ t♦♣ ❧❡❢t✮✳ ❙❡❝♦♥❞✱ t❤❡ ❜♦① ✐s
✢✐♣♣❡❞ ✉♣s✐❞❡ ❞♦✇♥ ❛♥❞ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ ♦t❤❡r s✉r❢❛❝❡ ✭❜♦tt♦♠✮ ✐s s✐♠✲
✐❧❛r❧② ♠❡❛s✉r❡❞ ✭❋✐❣✳ ✶✻✱ st❡♣ ✐✮✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ tr❛♥s❢♦r♠ ❝♦♦r❞✐♥❛t❡s
❢r♦♠ t❤❡ ❣❧♦❜❛❧ ❢r❛♠❡ ✕ ❣✐✈❡♥ ❜② t❤❡ ♣r♦✜❧❡r ✕ t♦ t❤❡ ❧♦❝❛❧ ❢r❛♠❡s R1 ❛♥❞
R2✱ ✇❤❡r❡ R1 ❛♥❞ R2 ❛r❡ t❤❡ ❢r❛♠❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ t♦♣
❛♥❞ ❜♦tt♦♠ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❜♦①✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣s✳ ✺ ❛♥❞ ✻✳ ❲✐t❤ ❛ ♣❛r✲
❛❧❧❡❧❡♣✐♣❡❞ ❜♦①✱ ✐t s✐♠♣❧② r❡♠❛✐♥s t♦ ❜r✐♥❣ A1 B1 C1 D1 ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡
✇✐t❤ A2 B2 C2 D2 ✭❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ♦❢ t❤❡ t♦♣ s✉r❢❛❝❡✮✱ t❤✉s ♦❜t❛✐♥✐♥❣
♥❡✇ s❡t (x”p, y”p, z”p) ♦❢ ❝♦♦r❞✐♥❛t❡s ❢♦r t❤❡ t♦♣ s✉r❢❛❝❡✳ ❚❤✐s ✐s ❞♦♥❡ ✇✐t❤
❛ r♦t❛t✐♦♥ ♦❢ 180➦ ❛r♦✉♥❞ t❤❡ y − ❛①✐s ♦❢ t❤❡ t♦♣ s✉r❢❛❝❡ ✭❋✐❣✳ ✶✻✱ st❡♣ ✐✐✮✱
❢♦❧❧♦✇❡❞ ❜② ❛♥ ✐♥✲♣❧❛♥❡ tr❛♥s❧❛t✐♦♥ ❛♥❞ r♦t❛t✐♦♥ ✭❋✐❣✳ ✶✻✱ st❡♣ ✐✐✐✮✳ ❋✐♥❛❧❧②✱
❦♥♦✇✐♥❣ t❤❡ ❜♦✇ t❤✐❝❦♥❡ss✱ t❤❡ ❛♣❡rt✉r❡ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡
s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ♠❡❛s✉r❡♠❡♥ts✳
❋✐❣✉r❡ ✶✻✿ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s t♦ ❜❡ ♣❡r❢♦r♠❡❞✱ st❡♣ ❜②
st❡♣✱ t♦ ❜r✐♥❣ ❜♦t❤ ♠❡❛s✉r❡❞ t♦♣♦❣r❛♣❤✐❡s ✐♥ ❛ ❝♦♠♠♦♥ ❢r❛♠❡✳ ❚❤❡ s❛♠♣❧❡
❛♥❞ t❤❡ ❜♦① ❛r❡ ✈✐❡✇❡❞ ❢r♦♠ t❤❡ t♦♣ ✭s❛♠❡ ❛s t❤❡ ♣r♦✜❧❡r ✈✐❡✇✮✳
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✐♥ ❋r❛❝t✉r❡❞ ❘♦❝❦s✱ ✈♦❧✉♠❡ ✶✻✷✱ ♣❛❣❡s ✺✺✕✻✹✳ ❆♠❡r✐❝❛♥ ●❡♦♣❤②s✐❝❛❧
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❋❧♦✇ ❝❤❛♥♥❡❧✐♥❣ ✐♥ ❛ s✐♥❣❧❡ ❢r❛❝t✉r❡ ✐♥❞✉❝❡❞ ❜② s❤❡❛r ❞✐s♣❧❛❝❡♠❡♥t✳
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✐t② ❛♥✐s♦tr♦♣② ✐♥❞✉❝❡❞ ❜② t❤❡ s❤❡❛r ❞✐s♣❧❛❝❡♠❡♥t ♦❢ r♦✉❣❤ ❢r❛❝t✉r❡ ✇❛❧❧s✳
❲❛t❡r ❘❡s♦✉r❝❡s ❘❡s❡❛r❝❤✱ ✹✶✭✾✮✿✶✕✶✵✳
❇r♦✇♥✱ ▲✳ ●✳ ✭✶✾✾✷✮✳ ❙✉r✈❡② ♦❢ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❆❈▼
❈♦♠♣✉t✐♥❣ ❙✉r✈❡②s✱ ✷✹✭✹✮✿✸✷✺✕✸✼✻✳
❇r♦✇♥✱ ❙✳ ✭✶✾✾✺✮✳ ❙✐♠♣❧❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❛ r♦✉❣❤ ❢r❛❝t✉r❡✳ ❏♦✉r♥❛❧
♦❢ ●❡♦♣❤②s✐❝❛❧ ❘❡s❡❛r❝❤✱ ✶✵✵✭❇✹✮✿✺✾✹✶✕✺✾✺✷✳
❇r♦✇♥✱ ❙✳ ❘✳ ✭✶✾✽✼✮✳ ❋❧✉✐❞ ✢♦✇ t❤r♦✉❣❤ r♦❝❦ ❥♦✐♥ts✿ ❚❤❡ ❡✛❡❝t ♦❢ s✉r❢❛❝❡
r♦✉❣❤♥❡ss✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♣❤②s✐❝❛❧ ❘❡s❡❛r❝❤✱ ✾✷✭❇✷✮✿✶✸✸✼✕✶✸✹✼✳
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❍❛❦❛♠✐✱ ❊✳ ❛♥❞ ▲❛rss♦♥✱ ❊✳ ✭✶✾✾✻✮✳ ❆♣❡rt✉r❡ ▼❡❛s✉r❡✲
♠❡♥ts ❛♥❞ ❋❧♦✇ ❊①♣❡r✐♠❡♥ts ♦♥ ❛ ❙✐♥❣❧❡ ◆❛t✉r❛❧ ❋r❛❝t✉r❡✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❘♦❝❦ ▼❡❝❤❛♥✐❝s ✫ ▼✐♥✐♥❣ ❙❝✐❡♥❝❡s✱ ✸✸✭✹✮✿✸✾✺✕
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✢♦✇ t❤r♦✉❣❤ r♦✉❣❤ ❢r❛❝t✉r❡s ✐♥ r♦❝❦s ✐✿ ❍✐❣❤ r❡s♦❧✉t✐♦♥ ❛♣❡rt✉r❡ ❞❡t❡r♠✐✲
♥❛t✐♦♥s✳ ❊❛rt❤ ❛♥❞ P❧❛♥❡t❛r② ❙❝✐❡♥❝❡ ▲❡tt❡rs✱ ✶✾✶✭✸✲✹✮✿✷✻✼✕✷✽✷✳
▲❡❡✱ ❍✳ ❛♥❞ ❈❤♦✱ ❚✳ ✭✷✵✵✷✮✳ ❍②❞r❛✉❧✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢
r♦✉❣❤ ❢r❛❝t✉r❡s ✐♥ ❧✐♥❡❛r ✢♦✇ ✉♥❞❡r ♥♦r♠❛❧ ❛♥❞ s❤❡❛r ❧♦❛❞✳
❘♦❝❦ ▼❡❝❤❛♥✐❝s ❛♥❞ ❘♦❝❦ ❊♥❣✐♥❡❡r✐♥❣✱ ✸✺✭✹✮✿✷✾✾✕✸✶✽✳
▲♦✜✱ ❏✳✱ P❡③❛r❞✱ P✳✱ ▲♦❣❣✐❛✱ ❉✳✱ ●❛r❡❧✱ ❊✳✱ ●❛✉t✐❡r✱ ❙✳✱ ▼❡rr②✱ ❈✳✱ ❛♥❞ ❇♦♥❞✲
❛❜♦✉✱ ❑✳ ✭✷✵✵✾✮✳ P❡tr♦♣❤②s✐❝❛❧✱ ❜♦r❡❤♦❧❡ ❣❡♦♣❤②s✐❝s ❛♥❞ ❣❡♦❧♦❣✐❝❛❧ ❝❤❛r❛❝✲
t❡r✐③❛t✐♦♥ ♦❢ t❡❝t♦♥✐③❡❞ ❝❧❛② s❤❛❧❡s ❞r✐❧❧❡❞ ❛t ❉r❛✐① ✭s♦✉t❤❡r♥ ❋r❡♥❝❤ ❆❧♣s✮✳
❍②❞r♦❧♦❣✐❝❛❧ Pr♦❝❡ss❡s✱ ❙♣❡❝✐❛❧ ✐ss✉❡✱ ❤②❞r♦❧♦❣② ♦❢ ❝❧❛② s❤❛❧❡s ❛♥❞ ❝❧❛②❡②
s❡❞✐♠❡♥ts✳
▼é❤❡✉st✱ ❨✳ ❛♥❞ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳ ✭✷✵✵✵✮✳ ❋❧♦✇ ❡♥❤❛♥❝❡♠❡♥t ♦❢ ❛ r♦✉❣❤
❢r❛❝t✉r❡✳ ●❘▲✱ ✷✼✿✷✾✽✾✕✷✾✾✷✳
▼é❤❡✉st✱ ❨✳ ❛♥❞ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳ ✭✷✵✵✶✮✳ ●❡♦♠❡tr✐❝❛❧ ❤❡t❡r♦❣❡♥❡✐t✐❡s
❛♥❞ ♣❡r♠❡❛❜✐❧✐t② ❛♥✐s♦tr♦♣② ♦❢ r♦✉❣❤ ❢r❛❝t✉r❡s✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♣❤②s✐❝❛❧
❘❡s❡❛r❝❤✱ ✶✵✻✭❇✷✮✿✷✵✽✾✕✷✵✶✷✳
▼é❤❡✉st✱ ❨✳ ❛♥❞ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳ ✭✷✵✵✸✮✳ ❙❝❛❧❡ ❡✛❡❝ts r❡❧❛t❡❞ t♦ ✢♦✇ ✐♥ r♦✉❣❤
❢r❛❝t✉r❡s✳ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ●❡♦♣❤②s✐❝s✱ ✶✻✵✭✺✲✻✮✿✶✵✷✸✕✶✵✺✵✳
▼✉r❛❧✐❞❤❛r✱ ❑✳ ✭✶✾✾✵✮✳ ❋❧♦✇ ❛♥❞ tr❛♥s♣♦rt ✐♥ s✐♥❣❧❡ r♦❝❦ ❢r❛❝t✉r❡s✳ ❏♦✉r♥❛❧
♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✷✶✺✿✹✽✶✕✺✵✷✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳
◆❡✉✈✐❧❧❡✱ ❆✳✱ ❚♦✉ss❛✐♥t✱ ❘✳✱ ❛♥❞ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳ ✭✷✵✵✾❛✮✳ ❋r❛❝t✉r❡ r♦✉❣❤✲
♥❡ss ❛♥❞ t❤❡r♠❛❧ ❡①❝❤❛♥❣❡✿ ❆ ❝❛s❡ st✉❞② ❛t ❙♦✉❧t③✲s♦✉s✲❋♦rêts✳ ❈♦♠♣t❡s
❘❡♥❞✉s ✲ ●❡♦s❝✐❡♥❝❡✳ ■♥ Pr❡ss✳
◆❡✉✈✐❧❧❡✱ ❆✳✱ ❚♦✉ss❛✐♥t✱ ❘✳✱ ❛♥❞ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳ ✭✷✵✶✵✮✳ ❍②❞r♦✲t❤❡r♠❛❧ ✢♦✇s
✐♥ ❛ s❡❧❢✲❛✣♥❡ r♦✉❣❤ ❢r❛❝t✉r❡✳ ❙✉❜♠✐tt❡❞ t♦ P❤②s✳ ❘❡✈✳ ❊✳
◆❡✉✈✐❧❧❡✱ ❆✳✱ ❚♦✉ss❛✐♥t✱ ❘✳✱ ❙❝❤♠✐tt❜✉❤❧✱ ❏✳✱ ❑♦❡❤♥✱ ❉✳✱ ❛♥❞ ❙❝❤✇❛r③✱ ❏✳ ❖✳
✭✷✵✵✾❜✮✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠❛❥♦r ❞✐s❝♦♥t✐♥✉✐t✐❡s ❢r♦♠ ❜♦r❡❤♦❧❡ ❝♦r❡s ♦❢
t❤❡ ❜❧❛❝❦ ❝♦♥s♦❧✐❞❛t❡❞ ♠❛r❧ ❢♦r♠❛t✐♦♥ ♦❢ ❉r❛✐① ✭❋r❡♥❝❤ ❆❧♣s✮✳ ❍②❞r♦❧♦❣✐❝❛❧
Pr♦❝❡ss❡s✱ ❙♣❡❝✐❛❧ ✐ss✉❡✱ ❤②❞r♦❧♦❣② ♦❢ ❝❧❛② s❤❛❧❡s ❛♥❞ ❝❧❛②❡② s❡❞✐♠❡♥ts✳
❙✉❜♠✐tt❡❞✱ ✐♥ r❡✈✐s✐♦♥✳
◆♦✐r✐❡❧✱ ❈✳ ✭✷✵✵✺✮✳ ❈♦♥tr✐❜✉t✐♦♥ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ❡t à ❧❛
♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♣r♦❝❡ss✉s ❝♦♥trô❧❛♥t ❧✬é✈♦❧✉t✐♦♥ ❣é♦❝❤✐♠✐q✉❡✱
str✉❝t✉r❛❧❡ ❡t ❤②❞r♦❞②♥❛♠✐q✉❡ ❞❡s r♦❝❤❡s ✜ss✉ré❡s ❝❛r❜♦♥❛té❡s✳ P❤❉ t❤❡✲
s✐s✱ ➱❝♦❧❡ ❞❡s ▼✐♥❡s ❞❡ P❛r✐s✳
❖❣✐❧✈✐❡✱ ❙✳✱ ■s❛❦♦✈✱ ❊✳✱ ❛♥❞ ●❧♦✈❡r✱ P✳ ✭✷✵✵✻✮✳ ❋❧✉✐❞ ✢♦✇ t❤r♦✉❣❤ r♦✉❣❤
❢r❛❝t✉r❡s ✐♥ r♦❝❦s ✐✐✿ ❆ ♥❡✇ ♠❛t❝❤✐♥❣ ♠♦❞❡❧ ❢♦r r♦✉❣❤ r♦❝❦ ❢r❛❝t✉r❡s✳
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♦❢ ❣❡♦♠❡tr✐❝❛❧ ❞✐s♣❡rs✐♦♥ ✐♥ s❡❧❢✲❛✣♥❡ r♦✉❣❤ ❢r❛❝t✉r❡✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱
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✭✷✵✵✽✮✳ ❆s♣❡r✐t② ❤❡✐❣❤t ❛♥❞ ❛♣❡rt✉r❡ ♦❢ ❛♥ ❛rt✐✜❝✐❛❧✳ t❡♥s✐❧❡ ❢r❛❝t✉r❡ ♦❢
♠❡tr✐❝ s✐③❡✳ ❘♦❝❦ ▼❡❝❤❛♥✐❝s ❛♥❞ ❘♦❝❦ ❊♥❣✐♥❡❡r✐♥❣✱ ✹✶✭✷✮✿✸✷✺✕✸✹✶✳
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❘✳ ✭✷✵✵✽✮✳ ❋r❛❝t✉r❡ ♠♦r♣❤♦❧♦❣② ❛♥❞ ✈✐s❝♦✉s tr❛♥s♣♦rt✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❘♦❝❦ ▼❡❝❤❛♥✐❝s ✫ ▼✐♥✐♥❣ ❙❝✐❡♥❝❡s✱ ✹✺✿✹✷✷✕
✹✸✵✳
❙❤❛r✐❢③❛❞❡❤✱ ▼✳✱ ▼✐t❛♥✐✱ ❨✳✱ ❛♥❞ ❊s❛❦✐✱ ❚✳ ✭✷✵✵✽✮✳ ❘♦❝❦ ❥♦✐♥t s✉r❢❛❝❡s ♠❡❛✲
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